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Abstract. We construct a new family, indexed by the odd integers N > 1, of (2 4- l)-dimensional 
quantum ficld theories called quantum hyperbolic field theories (QHFT), and we study its main 
structural properties. The QHFT are defined for (marked) (2 + l)-bordisms supported by compact 
oriented 3-manifolds Y with a properly embedded framed tangle Ljr and an arbitrary PSL(2, C)- 
character p of Y \ Ljr (covering, for example, the case of hyperbolic cone manifolds). The marking of 
QHFT bordisms includes a specific set of parameters for the space of pleated hyperbolic structures 
on punctured surfaces. Each QHFT associates in a constructive way to any triple (Y,Ljr,p) with 
marked boundary components a tensor built on the matrix dilogarithms, which is holomorphic in the 
boundary parameters. We establish surgery formulas for QHFT partitions functions and deseribe 
their relations with the quantum hyperbolic invariants of [4] [5] (either defined for unframed links in 
closed manifolds and characters trivial at the link meridians, or hyperbolic cusped 3-manifolds). For 
every PSL(2, C)-character of a punctured surface, we produce new families of conjugacy classes of 
"moderately projective" representations of the mapping class groups. 



2 



STÉPHANE BASEILHAC 1 AND RICCARDO BENEDETTI 2 



Keywords: hyperbolic geometry, quantum field theory; mapping class groups, quantum invariants, 
Cheeger-Chern-Simons class, dilogarithms. 

1. Introduction 

In this páper we construct a new family {TÍn}, indexed by the odd integers N > 1, of (2 + 1)- 
dimensional quantum field theories (QFT) that we call Quantum Hyperbolic Field Theories (QHFT). 
Here, following [51 [30], by QFT we mean a functor from a (2 + l)-bordism category, possibly non 
purely topological, to the tensorial category of finite dimensional complex linear spaces. 
The QHFT bordism category is based on triples (Y, Ljr, p), where Y is a compact oriented 3-manifold, 
possibly with non-empty boundary dY, Ljr is a properly embedded framed tangle (ie. a framed 1- 
dimensional non oriented submanifold) in Y, and p is a fiat sl(2, C)-connection on7\ up to gauge 
equivalence (ie. a PSL(2, C)-character of Y \ Lj?), with arbitrary holonomy at the meridians of the 
tangle components. We require furthermore that Ljr is non-empty when N > 1, and that it intersects 
each of the boundary component, if any. 

We will also consider a variant, denoted QHFT , such that the tangles L are unframed, while the 
characters p are defined on the whole of Y, that is the meridian holonomies are trivial. Finally we 
consider a "fusion" of QHFT and QHFT (still denoted QHFT) that incorporates both, by considering 
tangles having a framed part Lj= as well as an unframed one L° (see Section [5.3[) . 
The objects of the bordism category are suitably marked surfaces. Every such a QHFT surface is a 
diffeomorphism / : (S,T ,p(j3)) — ► E, where T is a so called "efficient triangulation" of a fixed base 
oriented surface S with genus g and r marked framed points Pí (r > and r > 2 if g = 0), and (3 
is any PSL(2, C)-character of S \ {pí}, represented by points p(/3) in specific parameter spaces for 
Hom(7r, PSL(2, C)), built on T and particularly suited to the QHFT. In fact we construct several such 
parameter spaces with small "residual gauge groups" acting on them, and we point out the relations 
to each other. One of them, the so called (— )- exponential X -parameter space, is defined in terms 
of cross-ratios and incorporates the Bonahon-Thurston shearbend coordinates for pleated hyperbolic 
surfaces with punctures. 

Every QHFT bordism has marked boundary and is considered as a "transition" from its input QHFT 
surfaces towards the output ones. We understand that the characters p and are compatible. Every 
QHFT functor associates to such a transition a tensor called the amplitudě, defined up to a sign and 
multiplication by Nth roots of unity. 

When Y — W is closed (that is dY = 0), the amplitudes Hn(W, Ljr, p) are numerical invariants 
called partition functions. The QHFT partition functions Hn(W, L, p) coincide with the "quantum 
hyperbolic invariants" constructed in [4, 5 , while the QHFT ones yield new wide families of numerical 
invariants, covering interesting geometrie situations, such as compact hyperbolic cone manifolds. We 
will analýze the relations between TÍn and Hn partition functions. In [5] we defined also quantum 
hyperbolic invariants Hn(M) for non-compact complete hyperbolic 3-manifolds M of finite volume, 
ie. for cusped manifolds. Although these invariants are not immediately QHFT partition functions, we 
will show how they can be obtained in terms of these last. For that we establish a "surgery formula" for 
quantum hyperbolic invariants of cusped manifolds and QHFT partition functions that generalizes the 
one for Cheeger-Chern-Simons classes, and makes a crucial use of some of W. Neumamťs arguments 
in [53], sections 11 and 14. 

By restricting QHFT to the trivial bordisms (the cylinders) we get a new family of conjugacy classes 
of "moderately projective" representations of the mapping class groups of punctured surfaces, that is, 
defined up to a sign and multiplication by iVth roots of unity. 

We stress that we need that any bordism includes a non-empty link, intersecting each boundary 
component (so that the QHFT surfaces have punctures), in order to build a consistent functor when 
N > 1 (see [5], Lemma 6.4). Even when the holonomy is trivial around the punctures, we cannot 
forget them, in particular for what concerns the mapping class groups. 

We show that QHFT are in fact restrictions to a geometrie bordism category of "universal functors" 
called Quantum Hyperbolic Geometry (QHG). QHG includes the definition of a specific category of 
triangulated 3-dimensional pseudomanifolds equipped with additional structures, and modeled on the 
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functional properties of the matrix dilogarithms studied in [5] . The QHG functors associate determincd 
tcnsors to every such a decorated triangulation, obtained by tracing the matrix dilogarithms supportcd 
by each tctrahcdron. The key point is that such tensors are invariant up to QHG triangulated 
pseudomanifold isomorphism. The main step in order to construct specializations with a strong 
geometrie content, such as QHFT, consists in converting each QHFT (marked) bordism to a QHG 
triangulated pseudomanifold, unique up to QHG triangulated pseudomanifold isomorphism. 

Hence we view this páper as a kind of achievement of the fundation of the theory initiated in [JJ [5] . 

A main interest in the QHFT comes from the fact that they relate classical 3-dimensional hyperbolic 
geometry to the world of quantum ficld theories, two main themes of low-dimensional topology that 
remained essentially disjoint since their spectacular developments in the early eighties. In particular, 
the celebrated Kashaev's Volume Conjecture for hyperbolic knots in S 3 [H] appears as a speciál 
instance of the challenging generál problém of understanding the relations between the asymptotic 
behaviour of QHFT partition functions and fundamental invariants coming from differential geometry, 
like the Cheeger-Chern-Simons class (see [4j, section 5, [5], section 7, and section RTTl of the present 
páper). We pian to face the asymptotics of QHFT partition functions in future works. 

In [3] the spectrum of the mapping class group representations of Section 15.41 is studied by using 
geometrie quantization of the Bonahon-Thurston complex intersection 2-form. 

A natural problém left unsettled is to determine the relations between the QHFT and Turaev's Homo- 
topic QFT 3 lj . This and formulas deseribing the behaviour of the QHFT amplitudes under framing 
changes will be treated in a sequel to this páper, as they rely mainly on R- matrix computations. 
We refer to [7] for a discussion about QHG in the framework of gravity in dimension 3. 

Remark 1.1. The results of this páper can be repeated almost verbatim to define Cheeger-Chern- 
Simons invariants for QHFT bordisms, by replacing the matrix dilogarithms for N > 1 with Neu- 
mannů extended Rogers dilogarithm, corresponding to N = 1 (see Remark I5.5|) . This is deseribed 
with all details in [5] for the case of cusped manifolds and triples (W, L, p) (ie. for quantum hyperbolic 
invariants). Hence in the following we concentrate on the quantum theory N > 1, which is technically 
harder. 

Here is the content of the páper. 

The universal QHG functors are defined in section [2l where we recall also from [H [5] and [24l [25] 
(section 12.41 in particular) the notions and results we need. 

The QHFT bordism category is deseribed in section [4] while its objects, the QHFT surfaces, are 
developed starting with section [3] 

The QHFT functors are defined in section [5] This includes the construction of the distinguished 
QHG triangulated pseudomanifolds associated to any triple (Y, Ljr, p) with marked boundary compo- 
nents, and of the trace tensors computed on them. The conjugacy classes of moderately projective 
representations of the mapping class groups are treated in section 15.41 

The partition functions H.n(W, Ljr, p) are considered in section[Sl We show in section RTTl that when 
p is defined on the whole of W, Hn(W, Ljr, p) coincides with Hjy(W, L U L' ', p), where L' is a parallel 
copy of the unframed link L given by the framing T . In section 16.21 we prove the surgery formula for 
quantum hyperbolic invariants of cusped manifolds and QHFT partition functions. In fact the QHG 
pseudomanifolds used to compute the trace tensors carry certain cohomological weights (see Section 
12. 4p and the partition function values actually depend also on them. These weights play indeed a subtle 
role in the surgery formulas. This eventually leads to realize Hn(M) as the limit of Hm{Mu, L n , p n ), 
where M n is a sequence of closed hyperbolic manifolds converging geometrically to M, L n is the link 
of geodesic cores of the hyperbolic Dehn fillings of M that produce M n , and p n is the hyperbolic 
holonomy of M n . In section [6. 31 we discuss alternativě computations of the QHFT partition functions 
for manifolds that fiber over S . For fibred cusped manifolds, this allows in particular to identify each 
iř/v (M) with a speciál instance of QHFT partition function. We conclude with an example in section 
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Convention. Unless otherwise stated all manifolds are oriented, and the boundary is oricntcd via 
the convention: last is the ingoing normál. Often we denote "=at" the equality of tensors up to sign 
and multiplication by iVth roots of unity. 



2.1. Building blocks. The building blocks of QHG are flat/charged T-tetrahedra (A, b, w. /, c), and 

matrix dilogarithms 7?.jv(A(ř», w, f, c)) € Aut(C AÍ (8 C N ) defined for every odd positive integer N [5]. 

Fiat /charged-X tetrahedra. Consider the half-space model of the oriented hyperbolic space H 3 , 
with the group of direct isometries identified with PSL(2, C) by the conformal action on <9H 3 = CP 1 = 

_ 3 

C U {oo} by Moebius transformations. An X-tetrahedron is an oriented ideál tetrahedron A in dM 

3 

with distinct ordered vertices vq , v\ , v 2 and v 3 on dM . 

In fact we consider A as an abstract oriented simplex equipped with an additional decoration. The 
ordering of the vertices is encoded by a branchíng b, that is, edge orientations obtained via the rule: 
each edge points towards the biggest end-point. Each 2-face has an induced branching, and a b- 
orientation, which is just compatible with that of two edges on the boundary. We order the 2-faces 
Sq, ... 63 by the opposite vertices, and the edges eo, e%, e 2 of £3 by stipulating that for j — 0, 1, Vj 
is the first end-point of ej. For exactly two 2-faces the &-orientation and the boundary orientation 
are the same. The b-orientation of A coincides with the given one if the 6-orientation of S 3 looks 
anti-clockwise from v 3 . We give A and each 2-face 5 a b-sign and a(S) respectively, which is 1 if 
the two orientations agree, and —1 otherwise. 

The hyperbolic structure is encoded by the cross-ratio moduli that label the edges of A. Recall 
that opposite edges share the same cross-ratio moduli. We set w = (wq,wi,W2) with Wj — w{ej) € 
C \ {0, 1}. Hence Wj + i = 1/(1 — wj) (indices mod(Z/3Z), and 



We say that the X-tetrahedron (A, 6, w) is non- degeneráte if it is of non zero volume, that is if the 
imaginary part of each Wi is not zero; then they have the same sign * w = ±1. 

It is very convenient to encode (A, b, w) in duál terms. In Figure[T]we show the 1-skeleton of the duál 
cell decomposition of Int(A) (x and the indices i, j, k and l are considered below). It is understood 
that (duál) edges without arrows are incoming at the crossing. Note that an oriented edge is outgoing 
exactly when the 6-sign of the duál 2-face is 1. 



A flat/charged X-tetrahedron is an X-tetrahedron equipped with a flattening f and a charge c, two 
notions first introduced in [21] and [5S] . Flattenings and charges are Z-valued functions defined on the 
edges of A that take the same value on opposite edges and satisfy the following properties, respectively 
(where log has the imaginary part in ] — 7r, 7r]): 

F. Flattening condition: lo + li + I2 = 0, where 



2. Universal QHG 



wq = (v 2 - vi)(v 3 - v )/(v 2 - v ){v 3 - vj). 




Figuře 1. I-tetrahedra and duál encoding. 



(1) 




C. Charge condition: Cq + c% + c% = 1. 
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We call \j a (classical) log-branch, and for every odd N > 1 we dcfine the (level N ) quantum log-branch 
as 

(2) \ jjN = \og{ Wj ) + y/=íir{N + l)(fj - hcj). 

The bijective map 

l -log(w;o) li-log(u;i)' 



(1 , li, I2) i-> u> 



T7T v— Itt 



yields an identification of the set of log-branches on (A, b) with the Riemann surface C of the maps 
w 1 ► (log(wo) + ctv — T, log((l — wo) _1 ) + srVv— 1), with e, e' g {0, 1}. Similarly, the set of triplcs 
(w , w 1 , w 2 ) with Wj = exp(l :Jj Ar /iV) gets idcntified with the quotient covering by iVZ x iVZ. These 
two spaces are the domains of definition for the matrix dilogarithms to be described next, when N = 1 
and N > 1 respectively. 

Matrix dilogarithms. Denote by log the standard branch of the logarithm, which has the imaginary 
part in ] — w, tt]. Recall that the space of triples of log-branches on a branched oriented tetrahedron 
is identified with the Riemann surface C. 

For N = 1, we forget the integrál charge c, so that 1Z\ is defined on flattened I-tetrahedra: 
(3) ^(A,M ! /)=e X pf^=^ ;/o,/ 1 )) =acp (*(-4-l rCA-^) * 



6 2 J V 1 - * 

where l (í) = log(í) + V-info and l x (í) = log((l - ťT 1 ) + a/^Ttt/i. The map TZ : Č C/tt 2 Z 
is holomorphic, and takés values in C/27r 2 Z on the component with even valued flattenings (|25j. 
Proposition 2.5). 

For iV = 2m + l > 1 and every complex number x set x 1 ^ — exp(log(a;)/A r ) (O 1 /^ = by convention). 
Put 

iV-l 

(4) g(x):=l[(l-xC d y /N . 

3=1 

The function g is defined over C, and analytic over the complement of the rays from x = £ fe to infinity, 
fc = 1,..., N- 1. Set := g(x)/g(l) (we have |.g(l)| = 7V 1/2 ). For any G C satisfying 

(u') W + (v') N = 1 and any n E N, let 

n , 

^>'|n) = IIi ^7 

i=i 

with w(u , u |0) = 1 by convention. The functions u> are periodic in their integer argument, with period 
N. Write [x] — A r_1 (l — x N )/(l — x). Given a flat/charged Z-tetrahedron (A, b,w, f, c), set 

(5) taj = expQj, N /N) 

with lj ^v as in @. Put the standard tensor product basis on ® C . The matrix dilogarithm of 
level TV > 1 is the tensor valued function of fiat /charged X tetrahedra defined by 

Y-l 

(6) K N (A,b,w,f,c) = ((w' )- c i(w' 1 ) c °) 2 (CNy^wiiw',)- 1 ) E Aut(C N ®C N ) 
where (recall that N = 2m + 1) 

C N {u',v'% = h(u') ^+(™+i)fc 2 lj(u',v'\í - k) 5{i +3-I) 

[L N {u ,v ) ) - —— C ~TTT? — 7TZ ^ 

v n(u') ui{u'/Q, v'\k — 1) 

with 5 the Kronecker symbol with period N, that is 6(n) = 1 if n = mod(iV), and <$(n) = otherwise. 
Note that we use the branching in order to associate an index among i, j, k and l to each 2- face of 
A. The rule is shown in Figuře [TJ 
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Up to multiplication by iVth roots of unity, the map IZn is holomorphic on C, because Wj — 
exp((l/A r )(lj — *bCj)) exp((/j — *bCj)iri) and the parity of fj is unaltered when we move lj con- 
tinuously. The ambiguity of TZn is a consequence of the jumps of g along the cuts from the £ fe to 
infinity. 

On matrix dilogarithms via geometrie quantization. As explained in Remark ll.il in this páper 
we concentrate on the quantum matrix dilogarithms (ie. with N > 1). These were derived in [5] from 
the Kashaev's 6j-symbols for the eyelic representation theory of a Borel quantum subalgebra Bq of 
U(;(sl(2, C)), where ( = exp(2in/N). Let us outline here very briefly an alternativě construction based 
on geometrie quantization oflZi, thus clarifying their geometrie origin (for details see [3]). 

Consider an abstract oriented quadrilateral Q, triangulated by two triangles. Order the triangles of 
Q, and associate to each a copy Xi, i = 1,2, of X = {(u,v,w) G (C*) 3 | uvw = —1}, where u, v 
and w correspond to the corners, ordered cyclically by using the orientation. Let us regard C as the 
Riemann surface of log, ie. 

C= {(z;p) G C* x 2Z}/((z + iO;p) ~ (z - iO;p + 2), Vz G (-oo;0)) . 

As in (JTJ), we set \{z;p) — log(z) + v 7 — lwp. Let 

X = {((u;p), (v; q), (w; r)) G X | l(u;p) + l(v; q) + l(w; r) = 0} 

a subspace of the universal covering X of X, and put 

C(z;p, q) = {(l(z;p), 1((1 - z)" 1 ; g))} = {((z;p), ((1 - z)" 1 ; g), (1 - z" 1 ; r)) G X} . 

Denote &q = cřlogui A dlogui + dlogti2 A cřlog v 2 the canonical complex symplectic form on X\ x X2, 
and 

°Q = (1/2) ((l(ui;pi)dlogwi - l(ui;gi)dlogui) + (l(u 2 ;p 2 )dlog v 2 - l(v 2 ;q 2 )dlogu 2 ))) 

the symplectic potential for the lift of 6q to X\ x Á 2 . Consider the four punctured sphere Sq 
obtained by gluing along the boundary in the natural way Q and the quadrilateral Q' obtained from 
it by exchanging the diagonál. The č>4-action on the vertices of Sq reorders the copies Xi (i = 1, . . . , 4) 
attached to the triangles, and induces the usual action of PSLifl,7L) on each X t = C 2 , with standard 
basis 1(uí\Pí) and l^;^), by symplectomorphisms. 

Proposition 2.1. There is a canonical family {<^Q}nez : {X\ x X 2 ,oq) — > (X3 x X^^oqi) of analytic 
symplectomorphisms equivariant for the S/i-action on Sq, given by (see Figuře^) 

4>l((l(u 1]Pl ),l(v 1 ; «&)), (l(u 2 ;p 2 ), l(v 2 ;q 2 ))) = ((l(u' ť) p[) , l(v[; q[)), (l(u' 2 ;q 2 ), l(v' 2 ;q^)), 

where we identify X with C 2 (first two coordinates) and 

í K u i>Pi) = K u i'>Pi) - l (u' 2 ;p 2 ) ( l(u' 2 ; p 2 ) = l(u 2 ;p 2 ) - 1((1 - u-LV 2 )~ l \n) 
\ l(v' ť ,q[) = \(v 1 :,q 1 ) + l(u 2 -p 2 ) \ \(v' 2 ;q' 2 ) = l(v 2 ; q 2 ) + l«;pi) + 1«; q[) 

The maps 4>q satisfy the pentagon relation, that is, o </>q 2 o 0^ o ° (0q 5 5 ) = Id^ 3 , where 

Qi has diagonál the ith edge exchanged in Figuře^ for the positive eyelic ordering starting from the 
top left pentagon. Moreover 9q — ^Bq' = ~ďR-, where 1Z : <C(uiv 2 ;m, n) — > C/2-7rZ is the extended 
dilogarithm of |T5|). and C(u\v 2 ;m,ri) = {(\{u\;pi) + l(w 2 ; q 2 ), 1((1 — u\v 2 )~ l ; n))} is attached to the 
diagonál of Q. 

By "canonical" we mean that {4>q} is the unique satisfying some natural properties related to configu- 

ration spaces of points in CP 1 . In fact, C(z;p, q) is isomorphic to the moduli space of similarity classes 
of triangles in the complex plane endowed with lifts to R of the angles, or, equivalently, to the moduli 
space of isometry classes of hyperbolic ideál tetrahedra with even valued flattenings. The complex 
symplectic form dlogM A dlogv restricts to the real symplectic form w = — dlog(z) A <ilog(l — z) on 
C(z;p, q). It is the differential version of the extended complex Dehn invariant 6 : <C(z;p, q) — ► C A C, 
(z;p,q) \{z;p) A z 1(1 - z;q) of [55]. 
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When lm(z) ^ the form w is Káhler for the usual complex structure on R 2 . Replace C with the 
ramified covering Cjv of C* obtained by taking the quotient with NT, x NZ. Put the forms Nw and 
N8 on Cjv. Standard half-form quantization of Cjv produces a A-dimensional vector space T N of 
sections of a line bundle over Cn (the coherent states), and the maps $q : ® — ► T% ® 
induced by pull back via {</>q}, that is such that $q(s) = s o 0q for any s G Ij <8> Ig j coincide with 
the matrix dilogarithms TZn for some suitable basis. In particular, the pentagon relation for 4>q lifts 
to the five term identities mentionned aftcr Proposition 12.51 below. 




FlGURE 2. A diagonál exchange. 




Figuře 3. The pentagon relation. 



2.2. QHG triangulated pseudomanifolds. We restrict the discussion to pseudomanifolds for sim- 
plicity, but all what follows makes sense for arbitrary singulár 3-cycles whose non manifold locus is 
of codimcnsion > 2. By a pseudomanifold Z, possibly with non-empty boundary dZ, we mean a 
compact oriented polyhedron with at most a finite set of non manifold points. The boundary is a 
pseudo-surface . 

A QHG triangulated pseudomanifold (Z, T) is a pseudomanifold Z obtained as the quotient of a finite 
family Z = {(A 1 , b l , w\ f, c 1 )} of flat/charged X-tetrahedra, via a systém of orientation reversing 
simplicial identifications of pairs of 2-faces such that the branchings match. The rcsulting triangulation 
T of Z is endowed with a globál branching b, and is possibly singulár (multiply adjacent as well as 
sclf adjacent tetrahedra are allowed). The set of non manifold points of Z is contained in the set of 
vertices of T. We do not impose for the moment any globál constraint on the moduli, flattening and 
charges. Hence Z is equipped with a rough flat/charged 2 -triangulation T — (T, b, w, /, c), where 
w = {w 1 } and so on. 

Next we define the QHG triangulated pseudomanifold isomorphisms. Fix a QHG triangulated pseu- 
domanifold (Z,T), and let ex ■ E(Z) — ► E{T) be the identification map of edges. We define the total 
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modulus, log-branch and charge of an edge e, respectively, by: 

Wr{e) = Y[ w ( /l )* b 

(7) L T (e)= ]T * b l(h) 

C T (e)= 2 c ^ 

where *6 = ±1 according to the 6-orientation of the tetrahedron in Z that contains h, w{h) is the 
cross-ratio modulus at h, l(h) the log-branch at h, and c(h) the charge at /i. 

3 

Remark 2.2. It is easily seen that Wr(e) is a cross ratio for the four 'extremal' points on dM 
determined by gluing oriented hyperbolic ideál tetrahedra with moduli w(h)* b along a common edge 
(by continuity WV(e) = 1 for a degeneráte quadrilateral with three distinct vertices). 

It is wcll-known that any two arbitrary naked triangulations T, T of Z with the same boundary 
triangulation can be connected (keeping the boundary triangulation fixed) by a finite sequence of the 
local moves shown in Figuře |4j the 2^3 move (top) and the bubble move (bottom) . 



Figuře 4. The moves on naked singulár triangulations. 



For any such a local move T <-> T we have two triangulations of a same portion of a polyhedron Q. 
Assume that both T and T' extend to portions (Q,T) and (Q,T') of QHG triangulated pseudoman- 
ifolds. We have to specify the admissible QHG transits T <-> T . In any case we require that they 
are local (that is, the portions complements remain unchanged), and that the branchings coincide at 
every common edge of T and T . 

For the 2 <-> 3 move we also require that at every common edge e as above the total modulus, 
log-branch and charge coincide 

(8) W r (e) = W T >(e), L T (e) = L T ,(e), C r [e) = C r ,{e). 

The same rule restricted to the total modulus and total log-branch holds also for the bubble move; 
however, the total charge behaves in a different way: any bubble transit T <-> T includcs a marked 
edge e common to T and T' . Referring to the bottom of Figure[4]we require that Cr (e) = Ct* (e) — 2, 
while for the other two common edges the total charges are unchanged. 

Remark 2.3. For every QHG transit supported by a 2 <-> 3 move (top of Figuře 2]), if E denotes 
the new edge in T 1 then 

(9) W T >(E ) = 1, L T >(E ) = 0, C T >(Eo) = 2. 
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For every QHG bubble transit, let /' be the unique new 2-simplcx of T' that contains the markcd 
edge e. Denote by E\ and E 2 the other edges of /', and by E3 the further new edge of T'. Then we 
have 

(10) W T >(E j )=l, L T >(E J ) = 0, 3 = 1,2,3 

C T i(E 1 ) = C T >(E 2 ) = 0, C t >(E 3 ) = 2. 

Definition 2.4. A QHG isomorphism between QHG triangulated pseudomanifolds is any finite com- 
position of QHG transit configurations and oriented simplicial homeomorphisms that preserve the 
whole decoration. 

2.3. QHG universal functor. For every odd N > 1, we associate to every QHG triangulated 
pseudomanifold (Z,T) a trace tensor Ti at(T), as follows. Dcfine an N -statě of T as a function that 
gives every 2-simplex an index, with values in {0, ...,N— 1}. Every iV-state determines an entry 
for each matrix dilogarithm TZ^^A, b, w, f, c). As two tetrahedra induce opposite orientations on a 
common 2-face, an index is down for the TZn of one tetrahedron while it is up for the other (see Figuře 
H]). By summing over repeated indices we get the total contraction of the tensors {1Zn(A, b, w, /, c)}, 
that we denote Hact 7^ív(A, b, w, /, c). Let vj and vs be the number of vertices of T \ dT and dT, 
respectively, that correspond to manifold points. We set 

(11) n N {T) = n^' 2+ ^ l[ n N (A, b, w , /, c ) 

AcT 

The type of a trace tensor 7ťjv(T) depends on the 6-signs of the boundary triangles of (T,b). The 
matrix dilogarithms themselves are speciál instances of trace tensors. 
We have 

Proposition 2.5. For every odd N > 1, up to sign and multiplication by Nth roots of unity the trace 
tensor Ti. n(T) is invariant up to QHG isomorphism. 

This result is a restatement of Theorem 2.1 (2) and Lemma 6.7 of [5], and summarizes the fundamental 
functional relations satisfied by the matrix dilogarithms. In particular those corresponding to 2 <-> 3 
QHG transits are usually called five terms identities. In Figuře [5] we show one instance in duál terms. 
The normalization factor N~ VI in (jll|) is duc to the bubble move, that changes by 1 the number of 
internal vertices. 




Figuře 5. A 2 <-> 3 QHG move (xi = y/x, x 2 = y(l - x)/x(l - y), and X3 = 

(1- 30/(1-1,)). 

The notions of "boundary" (also allowing only portions of the standard boundary - see eg. [30]), 
bordism, and bordism gluing are well defined for the category of QHG triangulated pseudomanifolds 
considered up to QHG isomorphisms . Hence, for every odd N > 1, the association of the trace tensor 
to each bordism defines a functor. Note that the identities between trace tensors hold up to the phase 
ambiguity of Proposition l2.5l Also, the normalization factor N~ v& / 2 in (TlTj) compensates the changc 
in the number of internal vertices when gluing along complete connected components of the (usual) 
boundary (this is easily adapted to more generál gluings). 
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Any bordism is the gluing of fiat /charged Z-tetrahedra, considered as elementary bordisms between 
the couples of 2-faces having 6-sign equal to —1 or +1. The matrix dilogarithms can be interpreted as 
the amplitudes of a diagonál exchange that relates two quadrilateral triangulations (recall the above 
discussion about the geometrie quantization derivation of matrix dilogarithms.) 

2.4. Towards geometrie specializations. The category of QHG triangulated pseudomanifolds is 
built ad hoc on the functional properties of the matrix dilogarithms. In order to eventually get 
specializations with a geometrie content, such as QHFT, it is necessary to refine more and more our 
rough flat/charged I-triangulations. In fact we have to impose some globál constraints that would 
be preserved by (possibly refined) QHG isomorphisms. It is useful to recall at once some of these 
refinements, and related matter. We adopt the notations introduced above. 

Definition 2.6. A triple T = (T,b,w) is an I-triangulation if at each edge e not contained in dT 
we have the edge compatibility relation Wq-(e) — 1. We say that T = (T,b,w, f) is a flattened 
Z-triangulation (and / a globál flattening) if moreover Lq-(e) = 0. 

It is easily seen that the collection of cross-ratio moduli of an Z-triangulation T of a pseudomanifold 
Z defines a PL pseudo developing map d : Z — ► H , unique up to post composition with the action 
of PSL(2,C), and a holonomy representation h : ni(Z) — > PSL(2,C) such that d{^{y)) = h(-f)(d(yj) 
for every 7 € tti{Z), y 6 Z. 

Our main tool for producing I-triangulations is the following idealization proceduře: 

Definition 2.7. Let T = (T, b, z) be a branched triangulation of a pseudomanifold Z equipped with 
a PSL(2, C)-valued 1-cocycle z, where the cocycle relation is z(eo)z(ei)z(e 2 )~ 1 = 1 on a branched 
triangle with edges eo, e\ and e 2 . A 3-simplex A of (T, b, z) with vertices xq, x±, x 2 , x 3 is idealizable if 

(12) uq = 0, Ui = z(a; a;i)(0), u 2 = z(x x 2 )(0), u 3 = z(x x 3 )(0) 

are four distinct points in C C CP 1 = čffl 3 . The convex hull is a hyperbolic ideál tetrahedron 
with ordered vertices, denoted (ito, u\, 112, U3). Let us give each edge e of A the cross-ratio modulus 
w(e) G C\ {0, 1} of the corresponding edge in (uo, tti, 1*2,^3), and put w — (wo, Wi, w 2 ) & (C\{0, l}) 3 . 
We call (A, b, w) the idealization of (A, b, z). If all 3-simplices of (T, b, z) are idealizable we say that 
Tj = (T, b, w) is the idealization of T. 

Note that the idealization includes the choice of a base point (ie. in Definition I2.71 we make this 
choice once for ever). The idealization of each single 3-simplex strongly depends on this choice, but 
taking a different base point is equivalent to conjugating the cocycle z. Not all branched triangulations 
support idealizable cocycles (for example an ideál triangulation of a knot in S 3 only supports the trivial 
constant cocycle). However, when it exists we have: 

Lemma 2.8. (|4J, section 2.4) The idealization 7j is an X -triangulation of Z . 

The following fact will be important below (a version of it was implicitely used in 0]; see (3), Lemma 
2.12 and §3.2 in that páper): 

Lemma 2.9. The idealization 7j is canonically flattened by taking for each 3-simplex the log-branches 
(with the notations of Definition \2. 7ty : 

1 := log(u 2 - U\) + log(u 3 ) - log(u 2 ) - log(u 3 - m) 

11 := log(u 2 ) + log(u 3 - ui) - log(ito) - log(u 3 - it 2 ) + V^Ttt 

1 2 := log(u 3 - it 2 ) + log(iio) - log(u 3 ) - log(u 2 - iti) - V^Ttt. 

Moreover, replacing at each edge of 7x the standard log with any other log determination still makes 
it flattened. 

Proof. These expressions are just (corrected) signed sums of the standard logs of the edge vectors 
in the cross-ratio moduli wq — (u 2 — ui)u 3 / u 2 {u 3 — u\), ui\ — u 2 (u 3 — iii)/ito(^3 ~ u 2) and w 2 — 
— (1Í3 — u 2 )uq/{u 2 — ui)w 3 . They clearly define triples of log-branches. The idcalizations for two 
distinct branchings with the same 6-orientation are related by an element in PSL(2,<C), that is, a 
conformal transformation of CP 1 . We deduce that triples (lo,li,l 2 ) are invariant under a change of 
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branching, because the angle formed by any pair of vectors is preserved (for instance 112 — u\ and 112, 
or M3 and U3 — u\). Then, the edge compatibility relations Lq-{e) = follow easily by developing the 
tctrahcdra around e with branchings such that e = eo, similarly as for Lemma l2.81 For the last claim 
we note that any log correction appears for each 3-simplex in two distinct lj, with opposite signs. □ 

Distinguished flat / charged X-triangulations. Given an arbitrary non empty and properly embed- 
ded tangle L in Z, we say that (X, H) and X = (T, H, b, w, /, c) are distinguished if H is a subcomplex 
of the 1-skeleton of X isotopic to L and passing through all the vertices that are manifold points, and 
containing no singulár vertices (we say that H is Hamiltonian) . 

Definition 2.10. A distinguished X-triangulation X = (T, H, b, w, f, c) is flat / 'charged if / is a globál 
flattening, and 

"0 iíecH 
2 if e C T \ (H U &T) 



(13) C r (e) 
In such a case c is said a globál charge. 



The existence of globál flattenings of an arbitrary X-triangulation with empty boundary, and of globál 
charges (such that C-r(e) = 2 at all edges e) on any topological ideál triangulation of an oriented 3- 
manifold whose boundary consists of tori, was proved by Neumann in [25] , section 9, and [24] . section 
6, respectively. This last result is easily adapted to the existence of globál charges on distinguished 
triangulations (T,H) (see [4], Theorem 4.7). 

We have to refine the QHG isomorphisms in order to deal with distinguished flat/charged I- 
triangulations. First we have to incorporate the Hamiltonian tangles into the bare moves. Any 
positive 2^3 move T — > T 1 naturally specializes to a move (T,H) — > (T',H'); in fact H' = H is 
still Hamiltonian. For positive bubble moves, we assume that an edge e of H lies in the boundary 
of the involved 2-simplex /; then e lies in the boundary of a unique 2-simplex /' of T containing 
the new vertex of T' . We define the Hamiltonian subcomplex H' of T' just by replacing e with the 
other two edges of /'. The inverse moves are defined in the same way; in particular, for negative 
3^2 moves we require that the edge disappearing in X belongs to T'\H' . The 2^3 QHG transit 
specializes verbatim. For the bubble transit we just impose that the marked edge e (see section |2~2|) 
coincides with the above edge of H. Thanks to (J9j) and (flQ|) we see that distinguished flat/charged 
I-triangulations are closed under such refined QHG transits. 

Remark 2.11. The residue mod(2-\/— l7riV) of the classical log-branches of a flattened X-triangulation 
are equivalently given by iVth roots w (h) of the cross-ratio moduli w(h) such that w' (ei)w' (e2)w' (e^) = 
1 at each 3-simplex and rifeee _1 (e) w '(h)* b = 1 at each edge, with the notations of ([7]). For level N 
quantum log-branches of distinguished flat /charged X-triangulations this is replaced with 

w' (ei)w' (e 2 )w' (e 3 ) = exp(- * b ^Ítt/N) 

and 

TT w '( h \* b - f 1 iíecH 
11 V ' \ exp(-2x/^l7r/A0 otherwise. 

/iGe T (e) 

Cohomological weights and structural faets. Given an X-triangulation X = (T, b, w) without 
boundary, let To be the complement of an open cone neighborhood of each 0-simplex. This is a disjoint 
union of triangulated closed oriented surfaces, the links of the vertices in T. To each flattening / of 
X a class j(f) £ iř 1 (9To;C) is associated as follows. Represent any non zero integrál 1-homology 
class a of 8Tq by "normál paths", that is, a disjoint union of oriented essential simple closed curves 
transverse to the triangulation and such that no component enters and exits from the same face of 
a 2-simplex. Such a curve selects a vertex for each 2-simplex. The value 7(/)(a) is defined as the 
signed sum of the log-branches of the edges ending at the vertices selected by a. For each vertex v the 
sign is *b if the path goes in the direction given by the orientation of 8Tq as viewed from v, and — *j 
otherwise. Using the edge compatibility relations of Definition 12.61 it is easily checked that 7(/) does 
not depend on the choice of normál path representative. If the holonomy of X is trivial or parabolic 
about each (non manifold) point this class takés values in 2Z í[25|. Proposition 5.2). Similarly we can 
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define 7a(/) € H (To; Z/2Z) by using normál paths in To and taking modulo 2 sum of the flattenings 
we meet along the paths. We call (7(/),72(/)) the (cohomological) weight of /. These definitions 
extend immediately to globál charge, replacing log-branches with charges; then branchings are not 
nccdcd to compute the signed sums (ie. put *& = 1). 

In [24], section 4 (see also [25], section 9), Neumann defines an integrál chain complex J such that 
globál charges are defincd from cycles at level 3. The maps 7 and 72 above are well-defined on the 
third honiology group H§{tJ) and satisfy: 

Theorem 2.12. (|24|. Theorem 5.1) The sequence 

-> H 3 (J) { ^1> H l (T ; Z/2Z) H x {dT ; Z) *^=? H l {dT Q ] Z/2Z) -► 

is exact, where r : íf 1 (9To;Z) — > H 1 {dT^ ) Z/2Z) is í/ie coefficient map and i* : iř 1 (To;Z/2Z) — > 
iř^čTo; Z/2Z) is induced by the inclusion <9To — + Tq. 

In particular, any pair (/i, fc) S H 1 (To; Z/ 22,) x H 1 (dTo;Z) with r(fc) = is a weight for some 

globál charges. This fact extends to log-branches as follows. Assume that the holonomy of T restricted 
to each component of <9To takés values in a Borel subgroup of PSL(2, C), so that it fixes some point in 
čffl . Let 7' be defined as above, except that for each 3-simplcx log-branches are taken with flattenings 
/o = fi = 0. It can be checked that 7'(a) is the logarithm of the derivative of the holonomy of a (a 
similarity), up to multiples of 2\/ —lir. Then, any pair O, k) G iř^To; Z/2Z) x iř^dTo; C) such that 

f (k- 7 ')/V=ÍTreH\dT ;Z) 
[ > \ r((k- 7 ')/V=Tn)=i*(h) 

is a weight for some flattening. For instance, when 7' (a) G 2\/ — IttZ for all a the hrst condition means 
that k is integrál. 

Finally, the structure of the spaces of flattenings and integrál charges is given by Theorem 2.4 in 
[24] . For each fixed weight (h, k) they form an affine space over an integrál lattice. Generators have 
the following combinatorial realization: for each 3-simplex in the star of an edge e, add +1 to the 
flat/charges of one of the two other pairs of opposite edges, and —1 for the other pair, so that the 
total log-branches or charges stay equal everywhere. In particular, for flattenings of an idealization Tj 
any generátor is obtained by adding +1 to the log determination at some edge. Hence any flattening 
of Tj inducing the weight of the canonical flattening of Lemma 12.91 differs from it as deseribed in the 
statement. 

We note that the above refined QHG isomorphisms preserve the weights (see eg. Lemma 4.12 in 
[4]). The difference in considering globál flattenings or charges with different mod(2) weights in 
íř 1 (To;Z/2Z) seems to carry not so essential information (see Theorem 15.41 and Remark 15. 5[) . This 
contrasts with boundary weights in H 1 (dT ;Z), which play a key role in surgery formulae (see [25] , 
theorems 14.5 and 14.7, and section RT21 below). We note that a process involving 2-handle surgery 
allows to define explicit isomorphisms between lattices of flat/charges with different boundary weights 
(see [25], section 11, p. 457). 

3. Parameters for PSL(2, (C)-characters of surfaces 

Fix a compact closed oriented surface S of genus g with a non empty set V = {v%, . . . , v r } of marked 
points, and negative Euler characteristic x(S \V) <0. Denote by ir the fundamental group of S \ V, 
and by 

K(g, r) = Hom(vr, PSL{2, C))/PSX(2, C) 

the set of all conjugacy classes of PSL(2, C)-valued representations of ir. The group ir is free of rank 
k = 2g+r—l. Any choice of free generators of ir identifies the set Hom(7r, PSL(2, C)) with PSL(2, C) K . 
Different such identifications are related by algebraic automorphisms of PSL(2,C) K . Moreover, the 
isomorphism PSL(2,C) £ž 50(3, C) induced by the adjoint action Ad : PSL(2,C) -> Aut(sZ(2,C)) 
implies that Hom(7r, PSL(2, C)) is an affine complex algebraic set, with the complex algebraic action 
of PSL(2,C) by conjugation. 
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As the rough topological quoticnt space lZ(g, r) is not Hausdorff, it is more convenient to consider the 
algebro-geometric quoticnt 



of invariant theory, called the variety of PSL(2,C)-characters (see eg. 1 1!) ). Recall that X(n) is a 
complex afnne algebraic set such that there exists a surjective regular map 



inducing an isomorphism t* between the regular functions on X(ir) and the regular functions on 
Hom(7r, PSL(2, C)) invariant by conjugation. In generál t("f) = t(o~) does not imply that 7 and a are 
conjugate, but this is true if we restrict to irreducible representations: we have Hom lrr (7r, PSL(2, C)) = 
t- l (X irr (Tr)), where X irr (n) = t{Rom lrr (ir , PSL{2, C)), so that the (restricted) rough quotient 
lZ(g,ry rr and the algebraic quotient X %rr (ir) coincide. 

We can deal with the whole of TZ(g, r) to construct the QHFT. Hence below we treat the complex di- 
mension of subsets of TZ(g, r) somewhat formally, as everything can be substantiated in terms oí X(tt), 
or by restriction to X lrr (ir). For instance, as PSL(2,C) has trivial centre and complex dimension 3 
we say that the complex dimension of 1Z(g, r) is 3k — 3 = — 3x{F). 

3.1. Efficient triangulations. Fix a surface F with r boundary components, obtained by removing 
from S the interior of small 2-disks Di such that u, € dDi . 

A triangulation T of S with the set of vertices equal to V is called a topological ideál triangulation 
of S \ V. Given such a T', we need a marking of corners of the 2-simplices. The best suited to 
3-dimensional extension are induced by globál branchings b' of T' , and it is known that pairs (T', b') 
always exist. Thcn, as in section [21 we have a sign function a — C(t'.6')- A corner map v 1— > c v 
associates to each vertex v of T' the corner at v of a triangle, say t V) in its star. We say that v 1— > c v 
is t-injective if v 1— * t v is injective. 

Lemma 3.1. For every (g,r) ^ (0, 3) ; every triangulation T' of S with r vertices admits t-injective 
corner maps. 

Proof. For (g,r) = (0,4) or g > and r — 1, it is immcdiate to construct such a triangulation. 
Subdividing a triangle by taking the cone from an interior point preserves the existence of í-injective 
corner maps. By induction on r we deduce that for every (g, r) ^ (0, 3) there exist triangulations of 
S as in the statement. 

In Figuře [6] the corner selection is specified by a *, and the rows show all the possible flip moves on 
triangulations of S, up to obvious symmetries, that preserve the injectivity of corner maps. Consider 
triangulations T', T" of S with r vertices, such that T" supports a ř-injective corner map. It is well 
known that T is connected to T via a finite sequence of flips. The í-injective corner map for T 
yields a í-injective corner map for T' by decorating these flips as in Figuře [5] □ 



X(n) = Uom{ir,PSL(2,C))//PSL(2,C) 



t : Hom(7r, PSL{2, C)) -► X(n) 






Figuře 6. The flips with marked corners. 
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There are no obstructions to use arbitrary corners maps in what follows. Specializing to injective ones 
just simplifies the exposition. For (g,r) — (0,3), triangulations have two 2-simplices, one with two 
selected corners. From now on, we assume that (g,r) ^ (0,3), the extension to the (0,3) case being 
straightforward. 

Given a pair (g,r) ^ (0,3) and (T',b') as in Lemma \3. 11 fix a í-injective corner map v i— > c v . In the 
interior of each triangle t v consider a bigon D v with one vertex at v, and call v' the other vertex. 
Remové from t v the interior of D v , and triangulate the resulting cell s v — t v \ Int(D v ) by taking the 
cone with base v' . Repeating this proceduře for each t v , we get a triangulation T of F with 2r vertices 
and p + 2r triangles, where p denotes the number of triangles of T' . The set of edges of T, E(T), 
contains E(T') in a natural way, and |-E(T)| = \E(T')\ + Ar. We extend b' to a branching b on T as in 
in Figuře [3 and the sign function (J(t',V) t° the triangles of (T, b) in the natural way. Note that the 
figuře shows only one of the possible branching configuration. In generál we extend b' to b so that we 
can recover (T',b') from (T,b) by "zipping" and "collapsing" , as suggested at the bottom of Figuře 
[71 In what follows, for simplicity we will refer to this configuration, as the treatment of the others is 
similar. 




Figuře 7. The branched triangulated cell s v . 

Definition 3.2. We call the pair (T, b) an efficient triangulation (for short: e- triangulation) of F. 
For each vertex v, the preferred innner triangle at v is the triangle t v in s v with an edge on dF whose 
6-orientation coincides with the boundary orientation of F. 

3.2. Cocycle parameters. The inclusions of Int(F) into F and S\V induce identifications of the 
respective fundamental groups. 

Fix an e-triangulation (T, b) of F. Denote by Z(T, b) the space of PSL(2, (C)-valued 1-cocycles on 
(T, 6); we stipulate that on a triangle with ordered 6-oriented edges eo,ei,e2 the cocycle relation is 
z{eo)z{e\)z{e2) 1 = 1. In this section we construct a parametrization of lZ(g,r) based on cocycle 
cocfficients by specifying subsets of Z(T,b) with small 'residual gauge groups', that make principál 
algebraic bundles over the "strata" of a suitable partition of lZ(g, r). These strata are determined by 
the holonomies around the boundary components of F. 

Write C(T,b) for the space of PSL(2, C)-valued 0-cochains on (T,b), that is the PSL(2, C)-valued 
functions defined on the set of vertices of T. Two 1-cocycles z and z' are said equivalent up to gauge 
transformation if there is a 0-cochain A such that, for every oriented edge e = [xo,a;i], we have 

z'(e) = \(x )~ 1 z(e)\(xi) . 

It is well known that the quotient set H(T,b) — Z(T,b)/C(T,b) is in one-one correspondence with 
TZ(g,r). Indeed, for any fixed xq £ T we have a natural surjective map 

f X0 : Z(T,b) - Hom(7r,PSL(2,C)), 

where tt — tti(F,xq), and two representations f Xo ( z ) an d fx {z') define the same point in lZ(g,r) if 
and only if z and z' are equivalent up to gauge transformation. Note that the complex dimension of 
H(T,b) is H\E(T)\ - (p + 2r) -2r) = -3x( F ), which is the dimension of K(g,r). This is because the 
complex dimension of C(T, b) is equal to 6r, the set Z(T, b) is defined by 3(p + 2r) polynomial relations 
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on 3|.E(T)| variables, and PSL(2, C) has trivial centre. (Recall that p is the number of triangles of 
the initial triangulation T of S with r vertices.) 

Denote by B + (2,C) (respectively B~(2, C)) the Borel subgroup of SL(2, C) of upper (respectively 
lower) triangular matrices. Let PB ± (2,C) — i? ± (2, C)/ ±1 and put 



P 



1 

1 



Define a map 

(15) * : SX(2,C) -> SX(2,C), <ř(A) = PAF 

and denote by * the induced automorphism of PSL(2,C). We have *(B ± (2,C)) = B T (2,C). For 
any 5 £ PSL{2, C) we distinguish the type of g as trivial, parabolic or generic (the latter for elliptic 
or loxodromic) with the obvious meaning. We denote 

C+(g) EPB+ (2,C) 

the canonical upper triangular matrix (up to sign) representative of the conjugacy class of g (for 
generic g we normalize C + {g) by stipulating that the top diagonál entry has absolute value > 1), and 
we set 

C-(g) = *(C+(g)). 

We define the type of p G 7£(<?, r) as the n-uple of types of the p-holonomies of the oriented boundary 
components 71, . . . , 7r of F. Put: 

TZ(g, r, ť) = {p 6 lZ(g, r) \ p has type t} 
U{g,r,C±) = {pe U{g,r,ť) | C ± (p( 7i )) = C±} 

where C ± = (C^, . . . , C^), is an arbitrary diagonál or unipotent element in Pi? ± (2, C), and C ± has 
type í. For any g € PB ± {2, C) let us write <? = [a, b] , where a is the top diagonál entry of g and b is 

the non diagonál one (we do the abuse of confusing g with its projective class). For every vertex t>j of 
(T, 6), let ej be the boundary edge of the preferred inner triangle t V( (see Definition l3.2|) . and 7, the 
oriented boundary loop of F based at ví. Recall the projections /„, : Z(T,b) — > Hom(7r, PSL(2, C)). 

Definition 3.3. TTie seí 0/ (áz)-cocycle parameters for Ti,(g,r, C^) is 

Z{T, b, C±) = {z e Z(T, 6) | Vi = 1, . . . , r, / Uj (z)( 7i ) = Cf, «(ei) = [1, l/2] ± }. 

Clearly Z(T, 6,C ± ) is non empty. In fact, any z £ Z(T,b) with conj o /(z) £ lZ(g,r, C^) is equivalent 
to one in Z(T,fo,C ± ) via some gauge transformation. Moreover, given a vertex and a 0-cochain s 
with support at Wj and i^, s maps 2(T, č^C 1 * 1 ) onto itself if and only if 

s(Vi) S Stab(Cf ) 

and 

*K)- 1 [l,l/2] ± a (« i ) = [l J l/2] ± . 
As the triangles t Ví are in one-one correspondence with the Ví, we deduce that there is a projection 

(16) p% :Z(T,b,C ± )^K(g,r,C ± ) 
with fiber isomorphic to the group 

5(T,&,C ± ) := Stab(Cf ) x ■ • • x Stab(C±) 

that we call the residual gauge transformations. Denote by Z(T, b 7 1)^ (respectively^) the union of 
the Z(T, bjC^) (respectively p^) over all C ± with type t, and put 

Z(T,b)±=U t Z(T,b,t) ± , P ± =UtPt)- 
For futur reference, we summarize the above constructions in the following proposition. 
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Proposition 3.4. For every C , the projection p : Z(T, b) — > 7Z(g, r) restricts to a complex affine 
algebraic principál Q{T, b,C ziz )-bundle 

The map $ in IÍ15\) yields an isomorphism Z(T,b,C ± ) = Z(T,b,C^). Moreover we have: 

dim(Z(T,6,C ± ) =-3 X (F) 

dim(TZ(g, r,C)) = -3 X (F) - dim(S(T, b,t c )) 

dim(TZ(g, r, t c )) = dim(TZ{g, r,C)) + a(t c ) 

where tc is the type of C and a(tc) is the number of generic entries oftc- 

Observe that: if í gcn is the purely generic type, then dim(TZ(g,r,tg en )) = — 3%(F); if í par is purely 
parabolic, then dim(1Z(g, r, t pax )) = —3x(F) ~~ T \ if tj is purely trivial, then dini(1Z(g, r, í/)) = 
— 3x(F) — 3r = —3x(S) = 6g — 6. Hence lZ(g,r,t gcn ) is a dense open subset of TZ(g,r). More- 
over, via the inclusion of closures, we have a filtration of lZ(g,r) for which lZ(g,r,ti) is the 'deepesť 
part. It would be interesting to study the singularities of the closure of each ??.(<?, r, t) in lZ(g,r), in 
order to check if this filtration induces a "stratification" of lZ(g,r). 

Remark 3.5. For parabolic elements g S PSL(2,M.) we have two conjugacy classes, that can be 
distinguished by a sign. So, replacing PSL(2, C) with PSL(2, IR), the constructions of this section still 
work by associating a sign to each parabolic end of the surface S\V. Note that for PSL(2, K)-valued 
cocycles the idealization proceduře described in Section I3.3I below gives only degeneráte triangles and 
tetrahedra (with real shapes or cross-ratio moduli). 

Example: the Fricke space. Suppose that S has a unique marked point v. Choose a standard 
curve systém S = {a^, 6i}f=i based at v, so that 

tti(S,v) =< oi,ž>i, ...,a g ,b g | [ai,6i] . . . [a g ,b g ] = 1 > . 

Cutting open S along S we get a 4<?-gon P with oriented boundary edges. Taking the cone to a vertex 
it is easy to construct a branched triangulation of P, which induces one, say (T', &'), for (S, v). Denote 
by (T, 6) any e-triangulation obtained from (T',b'). 

Recall that the Teichmuller space T(S) can be identified with the set of conjugacy classes of PSL(2, R)- 
valued discrete faithful representations of wi(S), and that we have the well-known (real-analytic) Fricke 
parametrization T(S) = R 6ff_6 (see e.g. [1]). For each z £ T(S) the Fricke coordinates of z are matrix 
entries of the ž(j) for all 7 € S, where z is a representative of z specified by fixing once and for all 
three of the fixed points of z(a g ) and z(b g ). So T(S) embeds in the space of real cocycle parameters 
for F with trivial type tj. This embedding is generalized easily to the Teichmuller space of arbitrary 
bordered Riemann surfaces, by considering the spaces Z(T, b,t) for all types t and e-triangulations of 
(S,V) with arbitrary V (see Remark |3.5[) . 

3.3. Cross-ratio parameters. In this section we derive from the cocycle parameters Z(T, b)^ other 
parameters for 7Z(g, r) which are related to the shear-bend coordinates for pleated hyperbolic surfaces. 
These parameters are obtained via an idealization proceduře that includes the choice of a base point 
on the Riemann sphere. We fix this base point as 0. Note that the B + (2, C)-orbit of is the whole of 
C, while B~ (2, C) fixes 0. Hence the symmetry between Z(T, b) + and Z(T, b)~ given by the map \ř 
in (fT5|) shall be broken. 

Definition 3.6. (Compare with Definition l2.7n Let (K, b) be any oriented surface branched triangu- 
lation. Let z be any PSL(2, C)-valued cocycle on (K, b). We say that z is idealizable if for any triangle 
t of (T, b) with 6-ordered edges eo, e± and €2, the points uq = 0, u± = z(eo)(0) and 112 = z(e2)(0) are 
distinct in C. We say that the complex triangle with vertices uq, u\ and ui is the idealization of t. 

Definition 3.7. Let (T, b) be an e-triangulation of F obtained from a branched ideál triangulation 
(T\ b') oíS\V. A cocycle z S Z(T, b) + is (strongly) idealizable if: 

(a) z is idealizable; 

(b) \ř(z) G Z(T, b)~ , which cannot be idealizable at the triangles having an edge on dF, is nevertheless 
idealizable at every other triangle. 
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We denote by Zi(T, b) + the set of (strongly) idealizable cocycles, and we put Zi(T, b) = ^(Zj^, b) + ) 
and Ki(T,b)=p + (Z I (T,b) + )=p-{Z I (T,b)-). 

Clearly, Zi(T,b) + is a non-empty dense open subset of Z(T,b) + . If every edge of T has distinct 
endpoints (in case we say that T quasi-regular) , then 1Zi(T,b) — TZ(g,r). In generál, characters of 
representations with a free action on a non-empty domain of CP 1 (such as quasi- Fuchsian representa- 
tions) always belong to TZj(T, b), for any (T, 6). By using the arguments of [52], Theorem 1, it can be 
shown that for any character p £ TZ(g, r) of irreducible representations, there exists an e-triangulation 
(T, b) with idealizable cocycles representing p. In fact, the union of a finite number of spaces Zj(T, b) + 
cover the whole of 7Z(g, r) lrr . 

Exponential Z-parameters. For any cocycle z £ Zi(T, b) + , we associate a non zero complex weight 
W + (z)(e) to each edge e of T that is not containcd in dF, as follows. Let p e be the initial endpoint of 
e, and í; and t r the lcft and right adjacent triangles (as viewed from e). Locally modify the branching 
on ti U t r by cyclically reordering the vertices on each triangle, so that p e is eventually the source of 
the new branching on both ti and t r . The (+)- exponential X-parameter W + (z)(e) is the cross-ratio 
modulus at e of the (possibly degeneráte) branched oriented hyperbolic ideál tetrahedron spanned by 
the idealization of t r Uti, where the branching completes the one of ti U t r so that *b = 1. 

Let us assume now that ^>(z) £ Zi(T,b)~. For each v £ V, denote by e\ and el the edges of the 
triangle t v of T' having c v as corner. At an edge e of T' distinct from any of the e l v , we define the 
(—)- exponential X-parameter W~ (\ř(z))(e) in the same way as W + (z)(e), but taking the idealization 
for 'ř(z) instead of z. If e is one of the e* , the formula works as well, except that each left/right 
triangle with an edge on dF is replaced with the innermost triangle in the corresponding triangle t v 
of T'. Note that t r U í; is again a quadrilateral, because is a fixed point of the cocycle values at the 
boundary edges of F. 

By varying the edge in T or T' for every C^, we have two (ít )- exponential X parameter maps (recall 
that the number of edges of T 1 is —3x(F), and p denotes the number of triangles of T'): 

W+ : Z!(T,b,C+) ^ (C\{0})- 3x(F)+2p 

W- : Z/(T,6,C-) -> (C\{0})- 3x(F) . 

Definition 3.8. We call W ± (T,b,C) = W ± (Z I (T,b,C ± )) the (±)- exponential X-parameter space of 
K r (T,b,C). 

We stress again that the result of the idealization strongly depends on the choice of the base point, here 
0. In particular, the exponential Z-parameters are not invariant under arbitrary gauge transformations 
of cocycles. A remarkable exception is for gauge transformations associated to 0-cochains A with values 
in PB~ (2,C). Indccd, these act on the idealization of quadrilaterals as conformal transformations 
of the four vertices (this is because is fixed by every A(u), v £ V), and cross-ratios are conformal 
invariants. This makes a big difference between W + and W~ . In fact the whole of the residual gauge 
group G(T,b,C + ) acts on W + (T,b,C) via the map W + . On the other hand, consider the subgroup of 
g(T,b,C~) defined as 

BG(T,b,C-) := Y[ Stab(Cr)nP J B"(2 ) C) . 

i— 1,... ,r 

Any fiber (W^y 1 (W^(z)) is given by the BG(T, b, C~)-orbit of z in Z/(T,6,C"). Hence the ac- 
tual residual gauge transformations of W~(T, b, C) are in one-one correspondence with the quotient 
set Q(T,b,C~)/BG(T,b,C~), where the equivalence class of A is BG(T,b,C~)\. For the matter of 
notational convenience, formally put Bg(T,b,C + ) := Hi=i ^ ne ma P 

e ± :W ± (T,b 7 C)^n(g,r,C ± ) 

given by <d ± {W ± (z)) =Pc{z), withp^ defined in (JTEJ, is a principál Q(T, b, C ± )/BQ(T, 6,C ± )-bundlc. 
The situation is particularly clcan when C has no trivial entries : 

Proposition 3.9. IfC has no trivial entries the (—) -exponential X -parameter map W~ : Zj(T, b,C~) — 
W~(T, b,C) is invariant under gauge transformations. 



18 



STÉPHANE BASEILHAC 1 AND RICCARDO BENEDETTI 2 



Geometry and computation of . The maps can be defined directly in terms of Z-parameters. 
A way to see this is to considcr X triangulations of cylinders C = F x [0, 1], as discussed in Section 
16.31 and the corresponding pseudo-developing maps. We give here another description. Let us just 
consider 0~ . Recall that PSL(2,C] is isomorphic to Isom + (H 3 ), with the natural conformal action 
on CP 1 = <9H 3 via linear fractional transformations. For any p 6 TZ(g,r,C~), take a representative 
p : iri(F,q) — > PSL(2,C) in the conjugacy class. Consider the associated dat principál PSL(2,C)- 
bundlc Fp. A trivializing atlas defines a cocycle z £ Z(T,b,C~). If p £ lZi(T,b,C~), we can take 
z G Zi(T, b,C~), so that the trivializing atlas of Fp associated to the cellulation T'* duál to T' , with 
edges oriented by using the orientation of F and the branching orientation of the edges of T , has 
non trivial transition functions. These can be viewed as transition functions for the fiber bundle 
associated to Fp and with fibre H 3 . For each 2-simplex t of T', there is a unique g t £ Isom(H 3 ) 
(possibly reversing the orientation) mapping the vertices uq, u\ and ui of the idealization of t to 0, 
oo and —1 respectively. Then, the transition function along the edge of T * positively transverse to 
a given edge e of T' is of the form (<7ťj) _1 ° ^(^Xe) o g tl £ Isom + (H 3 ), where í; is the triangle on 
the left of e, and ip(z)(e) is the isometry of H 3 of hyperbolic type fixing and oo and mapping 1 to 
W~ (z)(e). Analytic continuation defines the parallel transport of Fp along paths transverse to T' , 
whence a representation into PSL(2, C) of the groupoid of such paths, well-defmed up to homotopy 
rel(<9)). In particular, it gives a practical recipe to computc p, that we describe now. 



Figuře 8. The recipe for reading off holonomies from exponential Z-parameters. 



Let the base point q be not in the 1-skeleton of T . Given an element of Tíi(F,q), represent it by a 
closed curve 7 in F transverse to T , and which do not departs from an edge it just entered. Assume 
that 7 intersects an edge e of T' positively with respect to the orientation of F. Figuře [8] shows three 
possible branching configurations for the two triangles glued along e. Fix arbitrarily a square root 
W~(z)(e) 1/2 of W~(z)(e). Consider the elements of PSL{2, C) given by 

W-{z){ef' 2 \ / 1 \ ( -1 1\ 

VF-(z)(e)- 1 / 2 ) ' P ~\l OJ 1 V -1 Oj 

and r = Z -1 . The matrix 7(e) represents the isometry with fixed points 0, 00 £ CP 1 and mapping 1 
to W~(z)(e). The elliptic elements p and l send (0, 1, 00) to (00, 1, 0) and (00, 0, 1) respectively. For 
the portion of 7 on the left of Figuře if 7 turns to the left after crossing e the parallel transport 
operátor is j(e) ■ p ■ l, while it is "f(e) ■ p ■ r if 7 turns to the right. (The matrix multiplication is on the 
right, as is the action of PSL(2,C) on the total space of Fp). In the middle and right pictures the 
parallel transport operators along the portion of 7 are given by 7(e) • l or 7(e) • p ■ l, and j(e) ■ p ■ r or 
j(e) ■ r respectively. We see that the action of p, l and r depends on the reordering of the vertices after 
the mapping j(e). If 7 intersects e negatively, we replace j(e) with j(e)^ 1 in the above expressions. 
A similar recipe applies for any other branching of the two triangles glued along e. 
Continuing this way each time 7 crosses an edge of T until it comes back to q, we get an element 
[W(z)) q (j) 6 PSL(2,C) that depends only on the homotopy class of 7 based at q and coincides with 
10(7), because of the identity D z (j ■ x) = \W{z)] q {^) ■ D z {x) for any x £ F, where D z : F — > CP 1 is a 
/5-equi variant pseudo-developing map from the universal cover F of F. Varying 7, we eventually get 
the representation [VF(z)] g = p : TTi(F,q) — > PSL(2,C). 
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(— )-exponential I-parameters and pleated surfaces. Whcn C~ has no trivial entries, there 
is a nice interpretation of the parameter space W~(T, b, C) in terms of pleated hyperbolic surface 
structures on S \ V. (see eg. [TO]; compare also with [9J, Section 8.) 

As before, let T' be a triangulation of S with vertices V, viewed as an ideál triangulation of S° = S\V. 
A pleated surface (with pleating locus T) is a pair (f, r), where r : iti(S°) — ► PSX(2, C) is a group 
homomorphism (not up to conjugacy), and f : S° — > H 3 is a map from the universal cover S° of 5° 
such that: 

• f sends homeomorphically each component of the preimage T' of T' in 5° to a complete 
geodesic in H 3 ; 

• f sends homeomorphically the closure of each component of 5° \ T' to an ideál triangle in H 3 ; 

• f is r-equivariant, that is, for all x € S°, 7 € ^i(S°) we have f^x) — r(j)f(x). 

Two pleated surfaces (f, r) and (f, r') are said isometric if there exists an isometry A <G PSL(2, C) and 
a lift </> : 5° -> 5° of an isotopy of S" 5 such that f' = Ao f o </> and r'(7) = Ar^A -1 for all 7 S tt^S" 5 ). 
From [8 it is known that isometry classes of pleated surfaces (f , r) are in one-one correspondence 
with arrays {x e } e of non zero complex numbers x e associated to the edges e of T , the exponential 
shear-bend parameters. 

To a pleated surface (f, r) we can associate the type C~ = (&., . . . ,C r ) of the conjugacy class of r, 
dcfined as in Section 13.21 For instance, it is shown in [25] that the set of isometry classes of pleated 
surfaces given by real positive shear-bend parameters is real-analytic diffeomorphic to the Teichmúllcr 
space of hyperbolic metrics on S° , with totally geodesic boundary completion or non compact finite 
area completion at Uj, according to the type of Cj, loxodromic or parabolic. 

In generál, we can also associate a sign to each loxodromic puncture. Námely, if A is a small annulus 
neignborhood of Ví, each connected component A of the preimage of A in S* is the fixed point set of 
a subgroup n of tti(S°). This subgroup is the image of the fundamental group of A for some choice 
of base points and paths between these base points. All the edges of T' that meet A are sent by f to 
geodesics lineš that meet at one of the two fixed points of r(n). We specify this fixed point by a sign, 
as it determines an orientation (whence a generátor) for the axis of the group r(jr). Since any two 
subgroups 7r as above are conjugated, for each puncture the fixed point assignment is r-equivariant, 
so that the sign is canonically associated to the puncture. 

Recall that in Definition 13.31 the types Ci where assigned to the components of dF endowed with the 
boundary orientation. Let us remove this constraint, and associate to each boundary component with 
loxodromic type an orientation that we specify by a sign, positive for the boundary orientation, and 
negative otherwise. Then, for each type C~ with l loxodromic entries and each /-uple of signs s, we 
get a space Z/(T, b,C~, s). We define W-(T,b,C,s) = W{Zj{T, b,C~, s)). 

Proposition 3.10. For each type C with non trivial entries Cj, l being loxodromic, and for each Z-uple 
of signs s, the space W~ (T,b,C, s) coincides with the exponential shear-bend parameter space PS^ 
of isometry classes of pleated surfaces of type C and signs s: 

(17) VSI = {{x e } e (C \ {0})- 3 *( s °) I Ví = 1, . . . , r, I] x e = 

Here the product is over all edges e with u,; e de (counted with multiplicities), fii is 1 if Ci is parabolic, 
and, if Ci is loxodromic, \ii is the dilation factor of the generátor of < C,; > specified by the sign of Wj. 
(Hence, in either case this is an eigenvalue of Cj.) 

Proof. By the results of [8] recalled above, each point of W~ (T,b,C, s) is identified with the family 
of exponential shear-bend parameters of an isometry class of pleated hyperbolic surface on S° with 
pleated locus T'. The definition of the map 9 : W~(T, b,C,s) — > 1Zj(T, b,C) shows that this isometry 
class has type C. Furthermore, by using the recipe given above for computing O, we check that the 
holonomy of any positively oriented (with respect to the boundary orientation) small loop about the 
puncture V{ is exactly C{. The upper left diagonál entry is just the product of a square root of the 
exponential X-parameters at the edges with endpoint V{. From (|17[) . which is an easy consequence of 
results in [5] (see sections 12.2-12.3 in that páper), we deduce that W~(T, b,C, s) C PSq. 
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Conversely, for any (f , r) £ VS^, we have conj(r) £ TZi(T,b 7 C), because r is injective. Also, by [5], 
Proposition 33, it is known that the isometry class of (f, r) is determined by r and the signs s. As the 
map 9 is onto, let us take z £ Zi(T,b,C~ , s) with conj o /(z) = conj(r) and consider the isometry 
class of pleated hyperbolic surfaces associated to W~(z). There is a representative (f\ r) with the 
same holonomy r. As the signs of (f, r) are s, the same as for (f, r), the two pleated surfaces coincide. 
So PS£ c W J (T, 6, C,s). □ 

Remark 3.11. Exponential shear-bend parameters do not depend on branchings but the orientation 
of F (taking the opposite branching edge orientation simultaneously exchanges the left and right tri- 
angles). However, branchings govern all choices in QHFT tensors. Also, they allow us to interpret 
exponential shear-bend parameters as exponential Z-parameters, thus coming from 1-cocycles repre- 
senting arbitrary PSL(2, C)-characters on the triangulated boundary of arbitrary compact orientable 
3-manifolds. When C has no trivial entries, the maps define decorated shear-bend parameter 
spaces similar to those occurring in [22j [26] . 

Remark 3.12. For types C with no trivial entries, we can use simpler e-triangulations of F (see 
Figuře [9|) : for each of the triangles t v of the base surface S we remove the interior of a monogon 
inside t v , and triangulate the resulting quadrilateral by adding an edge e v with endpoints v and the 
6-output vertex of the opposite edge. We extend b by orienting e v from that vertex to v. Proposition 
13.41 applies to the cocycle parameters based on such e-triangulations, for points of TZ(g,r), and also 
the treatment of exponential Z-parameters works as well. 



Figuře 9. More economic e-triangulation. 



4. The QHFT bordism category 

We define first a topological (2 + l)-bordism category. Then we will give it more structurc, including 
the parameter spaces of the previous sections. 

4.1. Marked topological bordisms. Like in Section[3j for every (g,r) £ N xN such that g > 0, 
r > 0, and r > 2 if g = 0, fix a compact closed oriented base surface S of genus g with a set 
V = {v\, . . . ,v r } of r marked points. Denote by — S the same surface with the opposite orientation, 
and writc *S for S = +S or —S. Moreover, fix a set of disjoint embedded closed segments a Vi in S 
such that a Vi has one end point at Wj. We say that Ví is framed by a Vi . 

We say that two orientation preserving diffeomorphisms <f>i : *5 — * Ei and <p2 ■ *S — + S2 are equivalent 
if there is an orientation-preserving diffcomorphism h : £1 — > £2 such that (^2) 1 o h o (f> 1 pointwise 
fixes the segments a Vi and is isotopic to the identity automorphism of S relatively to {a Vi }. We write 
[*S, (j}] for such an equi valence class. 

Let Y be an oriented compact 3-manifold with (possibly empty) boundary 8Y, with an input/output 
bipartition dY = d-Y U d+Y of the boundary components (we say that d-Y is "at the bottom" of 
Y, while d+Y is "on the top"). Each boundary component inherits the boundary orientation, via 
the usual convention last is the ingoing normál. Let Lj= be a properly embedded non-empty framed 
tangle in Y. This means that Ljr is a disjoint union of properly embedded orientable ribbons. We split 
Ljr = (Lf)í U (Xjr)ř), where {Lp)i is the internát part of Ljr made by its closed connected components, 
homeomorphic to the annulus S x [0, 1], while (Lf) b is the union of the components homeomorphic 
to the quadrilateral / x [0, 1]. We consider Ljr up to proper ambient isotopy. For every boundary 
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componcnt E of Y, we assume that (Ljr) b nY^ ^ 0, and that (Ljr) b n'S consists of at least two segments 
if <?(E) — (we do not require that every component of {Ljr) b goes from d- towards d+). Hence, on 
each boundary component E of Y we have a set of markcd points framed by Ljr n E. Also, associated 
to d± we have a finite disjoint union a± — Yl<f>(*s)£d± ^\ °^ equivalence classes of diffcomorphisnis 
as above. 

Consider the topological (2 + l)-bordism category with objects the empty set and any finite union 
of the [*S, <j)], and morphisms the triples (Y, Ljr, a±) as above. We say that (Y,Ljr,ct±) is a bordism 
from a_ to a + with support (Y, Ljr). We allow the case when Y is a closed manifold, so that dY = 
and (Y, Ljr) is a morphism from the empty set to itself. We stress that Ljr is non-empty in any case. 
We can reformulate this category in a setup closer to that of the phase space parameters of Section 
[3J as follows. If we cut open each a Vi in S we get an oriented surface F with r boundary bigon 
components. This is the domain of an elementary object [*F, </>], where the target surfaces E have 
now r boundary components, and the diffeomorphisms <j) are considered up to isotopy rel(9). 
Consider a bordism (Y, Ljr, ot±). On the boundary of each ribbon component of Ljr we keep track 
of a tangle line X x {0} (X = S 1 or í) for the corresponding component of the unframed tangle L, 
and there is a longitudinal line X x {1} that specifies the framing of the normál bundle of the parallel 
tangle line. These make a pair A = (A, A') of parallel unframed tangles in Y. Cutting open each ribbon 
we get a 3-manifold with corners Y. The boundary dY has two "horizontál" parts d±Y contained in 
d±Y, and a "vertical" tunnel part Ljr. The horizontál parts intersect the tunnel part at the corner 
locus; this is a union of bigons contained in dY. Each boundary component E of Y corresponds to a 
horizontál boundary component of Y, still denoted by E. Each tunnel boundary component is made 
by the union of two copies of X x (0,1), glued each to the other at A U A'. The horizontál boundary 
components are the targets of elementary objects [*F, <p], and each triple (Y, Ljr) supports a morphism 
between such objects. Clearly, we can recover (Y,Ljr) from (Y, Ljr), so that we have two equivalent 
settings to describe the same topological bordism category. 

4.2. Boundary structures. We equip a marked topological bordism with additional boundary struc- 
tures by using the notions of section [3] Fix an e-triangulation (T, b) of F. Following Remark 12.21 and 
the definition of log-branches, we put: 

Definition 4.1. Let z 6 Zj(T, 6) ± , and e be a non boundary edge of T. Denote l 2 (e) the canonical log- 
branch of W (z)(e), computed from the idealization of Star(e) as in Lemma l2~9l and before Definition 
13.81 For any collection m = {m\}\ of integers, one for each edge A in T, the classical Log-T-parameter 
of (z, m) at e is 

l(z : m)(e) = U(e) + V^íir(m a + m c - m b - m d ), 
where a, . . . , d make Link(e) with a, c opposite and e, a have coherent branching orientations (see 
Figuře [Tu]). Similarly, for every N > 1 and any other collection n = {"-a}a of integers, the quantum 
Log-T-parameter at e is 

l(z,m)( e ) + V^lnN^ma + m c - m b - m d ) - * b V^ln(N + l)(n a + n c - n b - n d ). 
We call the collections 

/ = {fe}e = {G(.,m)(e) " \og(W ± (z)(e))) /tt^T} e 

and 

c = {c e } e = {n a + n c -n b - n d } e 
the flattenings of (z, m) and the charge of n respectively, and we denote generically by C any such a 
systém of classical or quantum (±)-Log-X-parametcrs. 

Remark that if z € Zj(T,b,C~) and C has no trivial entries, then the (— )-Log-X-parameters depend 
on W~(z), not on z, because of Proposition [331 

Definition 4.2. The QHFT category is the (2 + l)-bordism category with objects the empty set and 
any finite union of the [*F, (T, 6, C),(f>], where £ is a systém of (+)-Log-Z-paramctcrs, and morphisms 
the 4-uples (Y, Ljr, p, a±), where: p is a conjugacy class of PSL(2, C)-valued representations of ir 1 (Y\ 
Ljr); a± are QHFT objects with targets d±Y, such that for every [*F, (T, b, £), </>], the character 4>*(p) 
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FlGURE 10. Notations for Log-Z-parameters. 

coincides with Q(W + (z)). We say that (Y, Lp, p) is the support of a QHFT bordism from a_ to a+, 
and that a± is a QHFT surface. 

Given bordisms B and B' from a_ to a + and a_ to a , , respectively, assume that /?+ and /3_ are 
subobjects of a+ and c/_ that coincide up to the change of orientation. 

Definition 4.3. The bordism B" from a"_ = a_ U (a'_ \ to a" = a' + U (a+ \ /3+) obtained by 
gluing B and B' along j3+ is called the composition of 6 followed by B' . We write B" — B' * B. 

Examples from hyperbolic geometry. Any topologically tame hyperbolic 3-manifold Y with 
hyperbolic holonomy p and a tangle Ljr of singularities makes a QHFT bordism. More specifically, 
any geometrically finite non compact complete hyperbolic 3-manifold Y defines a triple (Y 1 , Lj:,p) with 
a non empty link Lyr, as follows. The manifold Y has a natural compactification Ý, with Y - = Int(F), 
which is a "pared" manifold (Y,P). Here P is a union of disjoint tori or annuli embedded in the 
boundary of Y. The tori correspond to the cusps of Y. Each annulus A of P comes from a couple of 
cusps on some boundary component of (a small neighborhood of) the convex core of Y; A is fibered 
by geodesic arcs. If A is separating the cusps belong to different components. Define Y" as the result 
of attaching a 2-handle to Y at each annulus A, so that P is contained in the interior of Y" and is 
transverse to 8Y" . Equivalently, Y" contains a proper ly embedded framed 1-tangle L'jr made by the 
cocores of the 2-handles, the framing being determined by the fibration by intervals of the annuli of 
P. Let us choose a framing at each torus of P. By Dehn filling we get a manifold Y' , and Y" is the 
exterior in Y of the union L'^ of the framed cores of the filling solid tori. Hence, if cvery boundary 
component of the convex core of Y contains at least one cusp, associated to Y and the cusp framings 
we have (Y' , Lyr, p), where Ljr = Jjj? U L"^ intersects all the boundary components of Y', and p is 
a PSL(2, C)-character of Y' \ Lf = Y. If furthermore p is the holonomy of a complete hyperbolic 
metric on Y and Y has infinite volume ends, then dY' is non empty. We can give the triple (Y', Ljr, p) 
a natural boundary structure a_ Ua + , induced by exponential J-parameters of the pleated surfaces 
in the boundary of the convex core (see eg. [14]). 

5. The QHFT functor 

Consider a QHFT bordism B = (Y,Ly?,p,a±). For every odd integer N > 1, we associate a finite 
dimensional complex linear space V(a±) to a±, and a linear map 7ín(B) : V(a-) — > V(a + ) to 
B, well-defincd up to sign and multiplication by Nth roots of unity. This defines a (moderately 
projective) functor Hn ■ QHB — > Vect, where Vect is the tensor category of complex linear spaces. 
The construction immediately implies that Tťjv is a modular functor, in the sense of [30j . III. 1.2. 

5.1. From QHFT bordisms to QHG-triangulated pseudomanifolds. First we associate to B 
a pseudomanifold Z(B). Fill each tunnel boundary component of Y with a solid tube, thus recovering 
a copy of the manifold Y. The cores of the solid tubes make a parallel unframed copy A" of L. We 
define Z(B) as the result of collapsing to one point each component of A". In other words, we glue 
to each tunnel component of Y the oriented topological cusp C = B x [0, +oo]/(B x {oo}) with base 
equal to either B = S 1 x [-1, 1] or B = S 1 x S 1 . 

Next we describe a proceduře to convert Z(B) to a distinguished QHG-triangulated pseudomanifold. 
We refer to the notions introduced in Subsection 12.41 

We say that a branched triangulation (T, b) of B as above is admissible if B n d±Y and the tangles 
A, A' are covered by the 1-skeleton. We denote (T, b) the branched triangulation of C, where T is 
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the cone over T from the non manifold point, say oo, and b extends b so that oo is a pit for every 
branched tetrahedron of T. Assume we are givcn an idealizable PB + (2, C)-valued cocycle z on an 
admissible triangulation of B. The idealization of z detcrmines for each 2-simplex of i? a face of 
an ideál hyperbolic tetrahedron with further vertex at oo (see Figuře I12[ where opposite vertical 
triangles are identified). Since the fundamental group of B is Abelian, the resulting family of oriented 
ideál hyperbolic tetrahedra actually makes an X-triangulation (T, b, w), which we call an I-cusp. By 
conjugating if necessary, we see that X-cusps make sense also when z takés values more generally in 
PSL(2, C). We get flattenings similarly as in Lemma |2"U1 at a corner of a 2-simplex formed by edges 
ei and e r we put the difference of the logarithms of the vectors in C associated by the idealization to 
e; and e r , respectively. 




Figuře 11. An X-cusp. 



Definition 5.1. A T> -triangulation of B — (Ý, Ljr, p, a±) consists of a 4-uple JC = (K, H, b, z) where: 

(a) (K, b) is a branched triangulation of Y extending that on d±Y , and inducing an admissible cusp 
base triangulation at each tunnel component of L?. 

(b) The 1-dimensional subcomplex H = H U H' of K is ambiently isotopic to the tangle A = A U A', 
and H contains all the vertices of K. 

(c) z is an idealizable PSL(2, C)-valued 1-cocycle on (K, b) such that: 

(i) the conjugacy class of PSL(2, (C)-representations of tti(Y) associated to z coincides with p; 

(ii) the (+)-exponential X-parameters given by the restriction of z to d±Y coincide with that of the 
objects a_ U a + (see Dehnition 14. ip . 

(d) the restriction of z to each vertical tunnel component of Lj: takés values in the Borel subgroup 
PB+(2,C) of PSL(2,<£). 

For any 2?-triangulation JC = (K, H, b, z) oíB we get a distinguished X-triangulation ICj = (K, H, b, w) 
of (Z(B),X) by gluing the idealization of K. with the X-cusp given by the cocycle at each tunnel 
component. Note that H contains all the vertices of Kj that are manifold points. 

Definition 5.2. We say that T(B) = (Kx,f,c) — (K,H,b,w, /, c) is a distinguished flat/charged 
X -triangulation of (Z(B),X) if it satisfies Definition 12 . 101 and at every boundary edge of Z(B) the 
total (classical or quantum) log-branch of (JCj, f, c) of |(7J) coincides with the (classical or quantum) 
Log-X-parameter of the boundary object a_ U c\q_. 

Recall the cohomological weights from section 12.41 These notions stih make sense for distinguished 
flat/charged X-triangulations, where the homology of dTo is replaced with that of the tunnel compo- 
nents L?. Since we have weights (hf, kf) for log-branches and (h c , k c ) for charges at the same time, 
we will denote them (h, k) = ((hf, h c ), (kf, k c )). We can also define, in the very same way, boundary 
weights kf S íř 1 (9F;C), but these are completely eneoded by a±. We have: 

Theorem 5.3. For every bordism B = (Y , Ljr, p,a±) and every (h,k) € H 1 (Y;Z/2Z) x íf 1 (Zjr;C) 
satisfying the properties there are distinguished flat/charged X-triangulations T(B) of Z(B) with 

weight (h,k), and any two are QHG-isomorphic. 
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Proof. The existence of distinguishcd Z-triangulations JCz of Z (B) follows from a tedious but straight- 
forward generalization of Theorem 4.13 in [3]. Global flattenings and integrál charges with arbitrary 
weight exist on the double DK.% of fCx by the results recalled with Theorem 12.121 
Consider the (+)-Log-I-parameters {W ± (z)(e)} e at a±. They are in one-one correspondence with the 
interior edges of the corresponding e-triangulations, which is less than the cardinality of the familics 
tíi and n used to defined flattenings and charges in Dcfinition 14.11 Hence any family of determinations 
of the logarithms of the W ± {z)(e) is a systém of (+)-Log-Z-parameters. Also, Lemma [2~51 implies that 
any systém of (+)-Log-Z-parameters at a± extends to a distinguished flat/charge Z-triangulation of 
the pseudo manifold obtained from the trivial cylinders over d±Y by collapsing to a point each annulus 
of d(d±Ý) x [-1,1]. 

This means that any QHFT surface bounds a QHFT bordism, and that for the bordism B there are 
flat/charges on DK-x whose restriction to JCx induce the Log-X-paramctcrs of a±. Hence we get globál 
flat/charges as in Defmition 15.21 In fact the affine spaces of flat/charges on DK-x project onto that 
on /Ci compatible with a± (see the end of section[2]). Then, the Mayer-Vietoris exact sequence in 
cohomology for the triad (DKx,JCx,—JCx) shows that (h,k) is induced by some weight on DKx- As 
we can choose the latter arbitrarily, this concludes the proof of the first claim. 

The second is harder, but follows strictly from the arguments in the proof of Theorem 6.8 (2) in [5]. 
The only new ingredient is the presence of Z-cusps, which mimic the ends of cusped manifolds treated 
in that páper. □ 
An alternativě characterization of classical/quantum log-branches of distinguished flat/charged X- 
triangulations T(B) follows from Remark 12.111 

5.2. Amplitudes. Fix an odd positive integer N . Write V — C , with the canonical basis {e{\, and 
V- 1 for the duál space. Both are cndowcd with the hcrmitian inner product with orthonormal basis 
the vectors eo and (e^ + ejv— i)/ \/2, i = 1, . . . , N — 1. 

Recall the notations of section [31 For each base surface F fix an e-triangulation (T, b) , an or- 
dering of the set T (2) of 2-simplices, and let V(T,b) = (g> teT ( 2 ) V CT±(í) . Given a QHFT bordism 
B = (Y, Ljr } p } a±) with a distinguished flat/charged I-triangulation T(B), the trace tensor in (jTTJ) 
is a morphism H.n{T{B)) G Rom(V(a ), V(a + )), where V(a±) is the tensor product of isomorphic 
copies of the spaces V(T, b) over the (ordered) components of a±. 

Theorem 5.4. The morphism TLn{B, h, k) = 7ín(T(B)) does not depend on the choice of T(B) up 
to sign and multiplication by Nth roots of unity, and TÍN(B,h,k) = Hn{B, h' , k') if the modfNTL) 
reductions of h and h! (resp. k and k! ) are the same, that is, if we have k — k! G iř^L^jZ) and 
k — k! = G ^(Ljr^Jj/NJj), and similarly for h and h! . Moreover, there is no sign ambiguity if 
we restrict to even valued flattenings as in Lemma Wlh (hence with h = 0). We call TÍN(B,h,k) the 
amplitudě of (B,h,k). 

Proof. The result up to sign is an immediate consequence of Proposition 12.51 and the last claim in 
Theorem 15.31 For the dependance with respect to the mod(TVZ) reductions of weights, we note that 
the associated systems of Nth. roots of moduli (see Remark l2.1ip are connected by QHG isomorphisms. 
Indeed, the difference k — k' G H 1 (Ljr; NZ) coincides with j(f) — 7(/')/V— an d 7(c) — j(c')/ ■s/^hr 
for some /, / and c, c, and similarly for h — h and the 72 maps. By first considering (fc — k')/N 
we can eventually take the collections of values of / — /' and c — c' in NZ, and equal. Hence the 
conclusion follows from ([5]) and ([6]). For even valued flattenings, the claim follows from the fact that 
Proposition 1 2 . 51 has no sign ambiguity. For clarity let us statě the result with some details. 
Consider all the possible branching configurations of 2 <-» 3 QHG transits, up to obvious symmetries. 
They are obtained from a single one by composing with the transpositions (01), (12), (23) and (34) 
of the vertices (ordered in accordance with the branching). Any such a transposition changes the 
matrix dilogarithm of each tetrahedron by matrix conjugation and multiplication by a determined 
scalar factor (see Corollary 5.6 of [5]). Now, there is a prefered "basic" 2 <-> 3 QHG transit, for which 
even flattenings give no sign ambiguity in Proposition 12.51 (see the proof of Theorem 5.7 in [5]). The 
corresponding branching configuration is defined by ordering the vertices as 1 and 3 on the bottom 
and top of the centrál edge, and 0, 2, 4 counterclockwise as viewed from the 3rd vertex. The following 
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table describes for each tetrahedron A 1 , opposite to the i-th vertex, the scalar factors induced by the 
above transpositions (we put v = exp(V— l7r(l — N)/2N), which is _^( m + 1 )( 1_Ar )/ 2 [ n the notations 
of [5], and the c l k are charge values): 





A 1 


A 3 


A° 


A 2 


A 4 


(01) 





V 





„2 

V 


w c o 


(12) 







r o 
V 





v* 


(23) 







c° 







(34) 


v 





r o 
V 


r 2 
V 






Because of (O, we see that the scalars at both sides are equal. Hence, for any 2 «-> 3 log-branch transit 
with even flattenings, the only ambiguity in Proposition (|2.5|) is by multiplication by iVth roots of 
unity, which is due to the defmition of the function g in ([4]). The conclusion follows as before by 
using QHG-isomorphisms preserving the parity of flattenings (whence based on even multiples of the 
generators of flat/charge lattices). □ 

Remark 5.5. ( Cheeger-Chern-Simons invariants and TL\ .) By the results of [25j, there is an injective 
homomorphism from H 3 (PSL(2 7 C);Z) (discrete homology) to a scissors congruence group V(C), 
such that the dilogarithm (J3]), defincd on V(C), restricts to the universal Cheeger-Chern-Simons class 
C*2 : H 3 (PSL(2,C);Z) — > C/n 2 Z. Hence Hi is a natural extension of exp(C , 2/«7r), the exponential 
of a constant times Vol + iCS, to classes representing QHFT bordisms. Recently J. Dupont and C. 
Zickert produced dilogarithmic formulas for the lift C' 2 of Č 2 to H 3 (SL(2, C); Z), such that exp(C , 2 /Í7r) 
coincides with the lift of Ti. i determined by even flattenings in Theorem 15.41 [13] . We are indebted to 
their work for pointing out the existence of such flattenings. 

Recall Defmition l4.3l Assume that B" — B' *B exists, and let T(B) and T(B') be given weights (Ji, k) 
and (h',k'), respectively. Then T(B') * T(B) is a distinguished flat/charged X-triangulation T(B"), 
with some weight (h" , k"). (It follows from the Mayer-Vietoris exact sequence for (B" , B', B) that even 
if h = h! = 0, it can happen that h" ^ 0. However, if the glued part of the boundary is connected, or 
is a boundary in B * B', then h = h' = implies h" = 0.) 

Proposition 5.6. (Functoriality) For any composition B" = B' * B of bordisms, H.n(B", h" , k") 
coincides with H.n(B' , h! , k') o TL N (B, h, k) up to sign and multiplication by Nth roots of unity. 

This is a direct consequence of Theorem 15.41 Also, we prove as in Proposition 4.29 of [5]: 

Proposition 5.7. (Polarity) Write B for the QHFT bordism with opposite orientation and complex 
conjugate holonomy p. ThenTLiq{B, —h, —k) andTLjq{B 1 h,k)* , the adjoint for the hermitian structure 
ofV(a±), coincide up to sign and multiplication by Nth roots o f unity. 

In the proof of Theorem 15.31 we have seen that the space W + (T, b) of (+)-Log-X-parameters over 
W + {T,b) (the disjoint union of spaces W + (T,b,C)) is isomorphic to ČT 3 x( F )+ 2 P, where Č is the 
universal cover of C \ {0}. Similarly, for any admissible triangulation r of a topological cusp with n 
2-simplices, we have the analytic subspace Def(r) of C" made of the n-uples of log-branches for the 
tetrahedra of X-cusps with base triangulation r, where C is defined in Section l2~T1 Such log-branches 
satisfy the compatibility relations Lq-(e) = at interior edges. 

Definition 5.8. Let X — (Y, Ljr } a±) be a marked topological bordism with e-triangulated or admis- 
sibly triangulated boundary components. The phase space of X is the (analytic) subset Def(X) in 
the product of the spaces W + (T, b) and Def(r) over the components of dY and L, determined by the 
family of distinguished flat/charged I-triangulations of QHFT bordisms supported by (Y,L^,a±). 
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When Y has empty boundary, Def(X) is a generalization of the well known deformation space of 
hyperbolic structures supported by ideál triangulations of Y \ L, introduced in |29j . and recently 
studied in [11] and [12]. When Y is the mapping cylinder of a diffeomorphism <fi of F, the amplitudes 
of QHFT bordisms supported by Y define a morphism of the trivial vector bundlc 

(18) E{F)+ = E(T, b)+ : W+(T, b) x V(T, b) -> W+(T, b). 

(Note that any two choices of e-triangulations (Ti,&i) and ^2,62) of F yield isomorphic bundles 
E(Ti,b±) and E(T2 7 b2), with birationally equivalent bases.) The resulting mapping of sections of 
E(F), the states of F, are studied in [3J. 

Proposition 5.9. (Analyticity) For every N > 1, the amplitudes of QHFT bordisms supported by X = 
(Y, L;f, oí±) vary analytically with the boundary structure in Def(X), up to sign and multiplication by 
Nth roots of unity. 

This follows immediately from the fact that the matrix dilogarithms are analytic, together with the 
fact that any path in Def(X) lifts to a path of log-branches via the relations induced by Definition 
0(4). 

5.3. QHFT variants. By varying the bordism category we can vary the corresponding QFT. 

QHFT : Consider the bordism category supported by triples (Y, L, p), where L is an non-empty 
unframed tangle in Y and p is a PSX(2, (C)-character on the whole of Y (ie. p is trivial at the 
meridians of L). In fact, we restrict to holonomics p such that (Y,L,p) admits 2?-triangulations that 
extend a topological branched ideál triangulation (T', b') of each boundary component, say (S, V), and 
for which the link L is realized as a Hamiltonian subcomplex (hence with no I-cusp) . In particular the 
objects of this bordism category incorporate the idealization of (necessarily idealizable) cocycles on 
(T', b'), that represent the restriction of p to S. The arguments of Theorem 1 5 . 41 can be easily adapted 
to produce tensors Hn{B, h, k) associatcd to such a bordism B, and eventually the so called QHFT 
variant of quantum hyperbolic held theory. 

Fusion of QHFT and QHFT : We can consider triples (Y, Lyr, L°, p), where L = Ljr u L° is a 
tangle with a framed part Ljr and an unframed one L°. We also stipulate that p is trivial at each 
meridian of L°. For every object support (S, V), we have a partition V = V? U Vq and we use "mixed" 
triangulations that looks like an efficient one at p £ Vjr and like an ideál one at p £ Vq . A similar mixed 
behaviour holds for the adapted P-triangulations of such bordisms. We eventually get tensors still 
denoted 7Ín(B, h, k) giving variants, still denoted QHFT, that extend both the previous one (L = 0), 
and QHFT {L? = 0). 

QHFT e : Let (Y, Ljr, L° , p) be as above, and let us specialize to p that, as usual, are trivial at 
the meridians of L° , but are not trivial at the meridians of Ljr. Now we use mixed triangulations 
of each object support (S, V? U Vq) that look like an economic triangulation (see Remark I3.12jl at 
each p £ Vj=. Concerning the adapted 2?-triangulations, each component of contributes the 
hamiltonian subcomplex with just a copy of the parallel curve specifying the framing (recall that by 
using ordinary efficient triangulations, it contributcd with two parallel curves). We get tensors now 
denoted Ti.%(B, h, k), and a variant denoted QHFT e . 

Of course, there are no deep structural differences between these variants; nevertheless each one has 
its own interest (see also Section O . 

5.4. Mapping class group representations. Fix F. Set Yp = F X [—1,1], L = dF x [—1,1] 
with trivial vcrtical framing, and let Mod(<?, r) be the mapping class group of F, that is, the group 
of homotopy classes of orientation-preserving diffeomorphisms of F fixing pointwise each boundary 
component. Given ip± : (±F, (T, 6, £)) — > F x {±1}, put ip — and [ip] for the corresponding 
element in Mod(g,r). Denote by W\m the mapping torus (F x [— 1, l])/(x, — 1) ~ (ip(x),l) of -0, 
with tunnel boundary L\m- Let p be the conjugacy class of PSL(2, C)-valued representations of 
n\(F x [—1,1]) (identified with tt 1 (F))) associated to C. To simplify notations, in all statements of 
this section we do not mention the weights (we understand they are fixed). 
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Lemma 5.10. Up to sign and multiplication by Nth roots oj unity (denoted "=n") we have : 

(1) For any fixed (T,b,C) the amplitudes TÍn(Y , Lp, p, (±F, (T,b,C)), [ip±]) depend only on [ip]. We 
denote them Tíj^([ip]). 

(2) TI n ([id]) is the identity map from Ejq(aJ) to Ejq(a+), and Tť/vQ^]) ° TÍN([hi]) =n TLjsr([h2ht\). 
In particular, for any [tp] € M.od(g,r) the QHFT tensor Ti jv(['0]) * s invertible, with inverse TL^([^ ]), 
and for a homotopically d-periodic [ip] the QHFT tensor Tí n({4>]) *s of finite order less than or equal 
to d. 

(3) Ifijj(p) coincides with p, then Trace(7ťjv ([?/>])) =n Ttjy(W[ý] , L[ý], p)- 
Proof. Point (1) follows from Theorem 15.41 because 

H N (Ý, L f , p, (±F, (T, b, C)), ty>±]) =n Hn{Ý, L f , p, (±F, (T, b, £)), [id], [</>]) 

(the homeomorphism ipZ 1 x id sends the first mapping cylinder to the second). By Proposition 
15.61 we have TL 2 N ([id\) =m TÍN([id]), so TÍn([í(1\) is an idempotent. It is invertible because the matrix 
dilogarithms are. Both facts imply the first claim in (2). The rest is a direct consequence of Proposition 
[ES and formula (fIT|). □ 

The arguments in the proof of Lemma 15.101 imply also that, letting [ip] = [id] and p fixed, the ampli- 
tudes of any marking variation (T, b, C) — ► (Ti, b±, C\) are invertible. Hence Hn([i/j]) is conjugated to 
the tensor TÍ N (Ý, L F , p, (±F, (T u b u &)), [ip±]). Moreover TLn(—Ý, Lp, p, (tF, (T, b, £)), [i/)±]), the 
amplitudě with reversed orientation, clearly coincides with TLjsr([tp] ). Using Proposition 15.71 we 
dcduce: 

Corollary 5.11. For any fixed p € lZ(g,r), the homomorphisms tj) i— > Típf([ip]) induce a conjugacy 
class of linear representations ofMod(g,r), well-defined up to sign and multiplication by Nth roots of 
unity. For SL(2, M.)-valued characters p these representations are unitary. 

5.5. Tunneling the (+)/ (— ) states. We use (+)-Log-T-parameters to define the QHFT because of 
the existence of strongly idealizable cocycles on QHFT bordism triangulations, which makes functo- 
riality easy to check. Here we exhibit a family of tensors correlating the (zb)-Log-T-parameters, thus 
recovering, in particular, the direct and nice interpretation of boundary structures having non trivial 
holonomy at the punctures in terms of pleated hyperbolic surfaces (see Section |3.3[) . These tensors 
are also used in Section KP1 

For any base surface F with an e-triangulation (T, 6), let Z(F) be the pseudo-manifold obtained by 
collapsing to a point each boundary annulus of the cylinder C(F) = F x [—1,1]. Recall the bundle 
E(F) + in |Q2J), and considcr similarly E(F)~ : W~(T,b) x V(T,b) -> W~(T, b). We have: 

Proposition 5.12. There exists a canonical family T of fiat/ charged T -triangulations covering a 
portion of Z(F), with invertible trace tensor TLn(^F) '■ E(F) + — > E(F)~~ . 

Proof. Orient C(F) so that ±F is identified with F x {±1}. Let P(T,b) be the cell decomposition 
of C(F) made by the prisms with base the 2-simplices of T. Orient all the "vertical" (ie. parallel to 
[—1,1]) edges of P(T, b) towards +F. For every abstract prism P, every vertical boundary quadrilateral 
R has both the two horizontál and the two vertical edges endowed with parallel orientations. So 
exactly one vertex of i? is a source (that belongs to — F), and exactly one is a pit (that belongs to 
+F). Triangulate each R by the oriented diagonál going from the source to the pit. Finally extend 
the resulting triangulation of dP to a triangulation of P made of 3 tetrahedra, by taking the cone 
from the &-first vertex of the bottom base triangle of P (note that no further vertices nor further edges 
have been introduced). Repeating this for every prism, we get a branched distinguishcd triangulation 
(C(T,b), H) of C(F), where the vertical edges make the Hamiltonian tangle H. As in the proof of 
Theorem 15.31 there exists integrál charges on (C(T,b),H). 

Let F x [—1, 3] be triangulated by two adjacent copies of C(T, b), glued each to the other at F x {+1}. 
For any z £ Zi(T,b) + , consider the unique cocycle Cq(z) on the composition C(T,b) * C(T,b) that: 
extends z U *&(z), given on (F x {—1}) U(fx {3}); takés the value P of (|15[) on each vertical edge 
contained in F x [1,2]; takés the value 1 on each vertical edge contained in F x [—1,1]. Perturb Cq(z) 
with a 0-cochain s that: takés the value 1 on (F x {—1}) U(Fx {3}); takés values in PB + (2,C) at 
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each vertical boundary annulus; restricts to an idealizable cocycle onFx [ — 1, 1] and to a maximally 
idealizable cocycle on F x [1,3] (see Definition 13. 7p . Finally, glue I-cusps to the idealization. Notc 
that the only non idealizable tetrahedra are those in the star of a boundary edge of the triangulation 
of F x {3}. Lemma [2791 givcs flattcnings for the idealizable tetrahedra. 

Look at the ideál triangulation (T', b') of S \ V corresponding to the copy of the triangulation (T, b) 
for the boundary component F x {3}. For every cochain s as above and every edge e of T we have two 
complex numbers: the (— )-exponential Z-parameter W~ (\P(;z))(e), and, as in 0, the total product 
W(e) of the cross-ratio moduli at the edges of T that enter the definition of W~ ' ( l í'(z))(e). Recall that 
there are two distinct such edges only when e contributes to make a marked corner. It is possible to 
normalize s so that for every edge e of T' we have W~ (\ř(z))(e) = W(e) . 

Varying the cocycle z £ Zj(T, this choice determines the family T in the statement. By perturbing 
the initial cocycle z with 0-cochains t with values in PSL(2,C) \ PB + (2,C), the same construction 
leads to families Tt of flat/charged I-triangulations covering the whole of F x [—1,3]. 
Note that for suitable flat/charges (f\ = in ([3]) and c\ = in ([6])) the matrix dilogarithms have well- 
dcfincd finite limits when the cross-ratio modulus u>o — > 0. From the symmetry relations of the matrix 
dilogarithms (see [5], Corollary 5.6), this is true more in generál for any degenerating sequence of T- 
tetrahedra, that is when wq goes to 0, 1 or oo. Now, we can choose in a continuous way the flat/charges 
of Tt so that they satisfy the above constraints on the tetrahedra of Tt that become non idealizable 
in T, when t — > id. Then TÍn(F) := lim t TÍn ( Tt ) exists. As in Lemma [5.101 (2) we see that 7ťjv(-7"t) 
is invertible, with inverse TÍN(-Tt). Since TIn(T) o H.n(—T) — limt (W/v (-^í) ° Wjv(— J 7 *)) = N id 
(Proposition l5.9p . we deduce that ?Ín(T) is invertible. □ 




Figuře 12. Pasting opposite vertical sides yields an instance of C(T, 6) for the 
once-punctured torus S, based on an economic triangulation of S as in Remark l3.12l 

6. Partition functions 

Assume that W is a dosed oriented 3-manifold, and that L is a link in W with a framed part Ljr and 
an unframed one L . Each variant of quantum hyperbolic field theory (see Section [5~3^) leads to the 
respective partition functions. 

If p is trivial at each meridian of L , we have the QHFT partition functions 

H N {W,Lr,L°,p,h,k) 
that specialize to the QHFT ones when L = L : 

H N (W, L, p, h, k) = H N (W, 0, L°, h, k) ■ 
If p is also assumcd to be non trivial at each meridian of Ljf, we have also 

H e N (W,Lr,L°,p,h,k) . 

These partition functions are scalars, well-defined up to sign and multiplication by iVth-roots of 
unity. Typical examples of triples (W,Ljr,p) are given by hyperbolic cone manifolds W with framed 
cone locus Ljr and hyperbolic holonomy p on W \ Ljr. The partition functions can be expressed in 
terms of manifolds Y with toric boundary and containing an unframed link L° in the interior. By 
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fixing an ordered basis (mj, U) for the integrál homology of each boundary torus, let W be obtained 
from Y by Dehn filling along the m„ and Ljr be the disjoint union of the cores of the filling solid 
tori, framed by the žj. Then the partition functions of (W, L^, L° , p, h, k) are in fact invariants of 

(y.íK, [,•)}<, L°,p,fc,fc). 

6.1. QHFT vs QHFT partition functions. For B = (W,L,p), L = L°, with weights h = k = 0, 
Hn(W, L, p, 0, 0) coincide with the invariants Hn(W, L, p) constructed in [4j [5]. Let us consider more 
generally (W, Lj?, L , p, 0, 0). Fix also a framing JF for L , Then we can consider the partition 
function Hn(W, L? U L% ■ , 0, p, 0, 0). Let us denote by A the unframed link obtained by splitting each 
component of L in the two corresponding parallel boundary components of the ribbon link Lj? ■ We 
have: 

Proposition 6.1. 

n N (w, l t u l° Tq , 0, P , o, o) = N n N {w, l f , a, p , o, o) . 

Proof. For simplicity, assume that L = L . Fix a P-triangulation of (W,Ljr,p) where each tunnel 
component B has a symmetric admissible triangulation as in Figuře [T3] (opposite sides of the quadri- 
lateral are identified). The tangle A cuts open B into symmetric annuli, left and right to the centrál 
vertical line in Figuře [T3"l 



Figuře 13. A speciál admissible triangulation of B. 

Because p has trivial holonomy at the meridians of Ljf, we can assume that the cocycle takés the 
same values on symmetric edges. Identifying the annuli we thus get a 2?-triangulation for the QHFT 
triple (W, A, p). Since Hn(W, A, p) is computed from the idealization and symmetric tetrahedra in the 
cusps have opposite branching orientation, the result will follow if we show the existence of symmetric 
flat/charges. Then each cusp tensor will be the identity map. 

The existence of flattenings with this property can be shown using Remark I2.9( but for charges we 
need to take another routě. Recall from the end of section [2] that flat/charges form affine spaces over 
an integrál lattice generated by vectors attached to the edges. For an edge of B, such vectors can be 
represented as adding +1 at one of the left adjacent corner and — 1 at the other, and the inverse for 
the right adjacent corners. Using these rules and (J9j) it is straightforward (though tedious) to check 
that any given flat/charge can be turned into one with equal quantum log-branchcs on symmetric 
tetrahedra. □ 

6.2. Invariants of cusped manifolds and surgery formulas. Let us recall the QHG pseudo- 
manifold triangulations T used in 5 (see Defmition 6.2 and Definition 6.3 in that páper) to deíme 
the quantum hyperbolic invariant trace tensors 7í]\[(T) for oriented cusped hyperbolic manifolds. 
Let M be a cusped manifold. Denote Z the pseudo-manifold obtained by taking the one point 
compactification of each cusp of M. M admits a triangulation by positively embedded hyperbolic ideál 
tetrahedra, possibly including some degeneráte ones of null volume (ie. having real cross-ratios). Such 
a triangulation can be obtained by subdividing the canonical Epstein-Penner cell decomposition of M. 
This gives rise to triangulation (To, zq) of Z, where zq is the cross-ratio function of the abstract edges of 
T, the imaginary part of every cross-ratio being > 0. We call it a quasi- geometrie ideál triangulation 
of Z. If some quasi-geometric triangulation admits a globál branching, we say that M is gentle. 
More generally, M is said weakly- gentle if there is an X-triangulation (T,b,w) of Z such that (T, z), 
z = w* b , is obtained via a (possibly empty) finite sequence (Tg, Zq) —►...—> (Tj, Zi) — ► . . . — > (T, z) of 
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positive 2 — > 3 transits, where (Tq,Zq) is a quasi-geometric triangulation of Z as above. Each transit 
(Tí,Zí) — > (T i+ i,Zj + i) is defined by Wr^e) = Wr i+1 {e), with all exponents *b = 1 (sec ([7])). Every 
such a (T, b, w) can be enhanced to flat/charged Z-triangulations T = (T, 6, u>, /, c). 
Given (Tq,zq), it is certainly possible to get an Z-triangulation (T,b,w) by performing also some 
bubble moves (hence introducing new interior vertices). The authors do not know any example of 
non weakly-gentle cusped manifold, that is, such that we are forced to do it. Anyway, dealing with 
bubble moves is a technical difficulty which will appear also in the proof of Theorem 16.31 (1) below. 
We overcome it as follows. We fix an edge a of the canonical Epstein-Penner cell decomposition of 
AI, and take A made by two copies of a that intersect at non manifold points of Z; the second copy 
runs parallel to a within an open cell of the decomposition. Hence, A is a circle covered by two ares. 
We need to enlarge the notions introduced in Definition 12.101 We say that (T, H) is a distinguished 
triangulation of (Z, a) if H is a subcomplex of the 1-skeleton of T isotopic to A, that contains all the 
regular vertices of T, and such that one are of A is covered by an edge l of H. We say that c is a 
globál charge on (T, H) if 

í 4 if e = l 

(19) C r (e) = < if ec H\l 

[2 if e C T \ H 

If ií = this reduces to the usual notion of globál charge on a closed triangulated pseudo manifold 
whose non manifold points have toric links. By using bubble moves and the existence of such usual 
globál charges, it is easily seen that (T, H ) supports globál charges as in (fT9|) (see the proof of Theorem 
6.8 in [5] for the details). 

We say that T — (T, H, b, w, /, c) is a flat/charged Z-triangulation of (Z, a) if (T, H, b, c) is a branched, 
charged and distinguished triangulation of (Z, a), and (T, z), z — w* b , is obtained from a quasi 
geometrie (To, zq) via a finite sequence (To, zq) (T, z) of transits supported by positive 2^3 

moves and bubble moves. By setting a = and H = 0, this definition incorporates that for the 
weakly-gentle case. 

In [5] it is shown that flat/charged T-triangulations T of (Z, a) (with arbitrary weights) do exist and 
that, for every odd N > 1, 

H N (M,a)=H N (T) 

is a well defined invariant of (M, a), providing the weights of flat/charges to be 0. To simplify the 
exposition, below we continue with this normalization. When M is weakly-gentle we get invariants 
Hm{M). In fact, as a by product of the following discussion, we will realize that Hn(M, a) does not 
depend on the choice of a, so that H^{M) is always well defined (see Corollarv l6.4[) . 

Let us recall now a few facts related to hyperbolic Dehn filling (see [29], [6], [27]). A quasi geometrie 
triangulation (To, zq) as above corresponds to the complete structure of M . It can be deformed in a 
complex variety of dimension equal to the number of cusps. If z is close enough to zq, (To, z') is a 
triangulation by (possibly negative - see |27p embedded hyperbolic ideál tetrahedra in a non-complete 
hyperbolic structure, say M', close to M. In some case the completion of M' gives rise to a compact 
closed hyperbolic manifold W, topologically obtained by Dehn filling of the (truncated) cusps of M. 
The core of each attached solid torus is a "short" simple closed geodesic Lj of W, so that we have the 
(geodesic) link L — JJ^ Lj. Moreover, there are sequences (W n ,L n ) obtained in this way such that 
the length of L n goes to when n — > +00. Hence (W n , L n ) converges to the cusped manifold M (in 
a neat geometrie sense). From now on we will consider small deformations z' leading to such closed 
completions. 

As well as (To, zq) gives rise to a triangulation T = (T, H, b, w, /, c) of (Z, a), z' close to zq gives rise to 
another flat/charged T-triangulation T' — (T, H, b, w', f',c), where w' is close to w and the log-branch 
associated to the globál flattening /' corresponds to a continuous deformation of the one for /. 

Lemma 6.2. (See [25] . p. 469) Let z' be a small deformation of zq producing (W, L), and rrij 
be a meridian of each link component Lj. Then there exist flattenings / for the deformed trian- 
gulation (T, b, w') such that the weight j(f") associated to the collection of log-branches of T" — 
(T, H, b, w\ f", c) satisfies l{f"){m ) = for all j. 
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Proof. The logarithm of the derivative of the holonomy of rrij is at the complete structure, but after 
deformation it represents a full 27r-rotation about Lj (see eg. or [B]). Hence 7(/')( m i) S 'í\f— Ttt. 
The result then follows from the comments after Theorem l2.12l □ 
An explicit construction of flattenings /" as in the lemma shall be recalled during the proof of theorem 
16.31 Hence, we dispose of two flat/charged X-triangulations of (Z, a), T' = (T, iř, b, w' , /', c) and 
T" = (T, H,b,w' , f" , c), relative to a small deformation z' of the complete structure zq as above, 
leading to respective trace tensors Hn(T') and Hn(T"). We can now statě the main results of this 
Section. 

Theorem 6.3. [Cusped manifold surgery formula] Let (W, L) be obtained by completion of a small 
deformation z' of Zq, and T , T" be associated triangulations. Denote by p the hyperbolic holonomy 
of W . Then we have Hj^(W,L,p) =jy Wjvp" )• Moreover, associated to each cusp Cj of M there is 
an explicitely known map Aj v (T") : {N — states of T} — > C such that the following surgery formula 
holds: 

s AcT j 

where s runs over the N -states ofT and 1Zn(A, b, w , /', c) s is the matrix dilogarithm entry determined 
by s, for the tetrahedron with the continuously deformed structure. 

Corollary 6.4. If {(W ni L n , p n )} *s a sequence of closed hyperbolic Dehn fillings converging to the 
cusp manifold M , then for every are a we have lim„ Hff(W n , L n , p n ) =jy Hn(M, a). Hence Hn{M) — 
ířjv(M, a) is always a well defined invariant of M (beyond the weakly-gentle case). 

Remarks 6.5. (1) Theorem l6.3l is the analog for N > 1 of Theorems 14.7 and Theorem 14.5 in [2"5] , 
which deseribe surgery formulas for the volume, Vbl(W^), and Chern-simons invariant, CS(W), of W: 

V^Í(Vol(W) + V^TCS(M/)) = ^(A, b, w', /') - ^p- J2 KLj) 

ACT j 

where 1Z is given by ([3]) and X(Lj) is the complex length of Lj, that is, the logarithm of the dilation 
factor of its holonomy, which is a loxodromic transformation of H 3 . The technical complications due 
to the bubble moves disappear for N = 1. 

(2) If M is gentle and has a geometrie branched ideál triangulation (T, b, w) without degeneráte 
tetrahedra, then for each 3-simplex the flattenings of T' for a sufficiently small deformation are just 
— times integrál charges. It follows from the proof of Theorem lG . 31 that the scissors congruence class 
tTfSWi L,p) of [S], section 7, coincides with Neumamťs deformed scissors congruence class (3(M') in 
|25j . Theorem 14.7 (see also Remark 6.12 and Conjecture 7.9 in [5], where the undeformed j3(M) is 
denoted c Xfc (M)). 

(3) In generál there are small deformations z of zq leading to complete manifolds that are still cusped, 
that is only some cusps of M have supported a hyperbolic Dehn filling. There are also sequences of 
such cusped manifolds M", with (short) geodesic links L n , converging to M. Similarly to the fusion 
of QHFT with QHFT (see Section 1573")) we can deíme quantum hyperbolic invariants Hn(M u , L n ) 
for which the natural extensions of Theorem 16.31 and Corollary 16.41 hold. 

Let us consider now (W, Ljr, L°, p). Let Lj be a component of L?, Xj = LjULj, Lj being the longitude 
of Lj specifying the framing. Let U = U(Lj) be a tubular neighbourhooh of Lj in W, and l C dU be 
a non separating simple closed curve. Let W(l) be obtained from W by the Dehn filling of W \Int(č7) 
along Z. Denote by l* the core of the attached solid torus. 

Theorem 6.6. [Closed manifold surgery formula] Assume that p(l) = id S PSL(2, C) and the weight 
k satisfies k([í\) = 0. Denote: p' the natural extension of p\yy\ u to W(l); Ljr = Ljr \ Lj; k' the 
restriction of k to W(l). We have 

(20) H N (W, Ljr, L°, p, 0, k) = N H N {W(l), Ljr, L°Ul*U Xj,p', 0, k') . 

If moreover p is not trivial at the meridians of Lj: and l is a longitude of dU , then 
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(21) H e N (W,Lr,L°,p,0,k) =jv^(W(0,^,i O uruL;,p',0,A;') . 

Let us assume now that L° is made by r parallel copies of Lj along the ribbon Ljr that encodes the 
framing. So denote L° by A r ; with this notation, A = A2. Assume furthemore that / = m is a meridian 
of Lj, so that l* = Lj. By appling inductively both (f20|) and Proposition l6.ll to this situation we get 

Corollary 6.7. íbr every r > 2 we have 

H N (W,X r ,p) = N H N (W,\ 2 ,p) . 

Remarks 6.8. (1) Though disjoint and complementary by hypothesis, formula ([21]) is formally the 
same as that of Proposition l6.ll when replacing l by m. 

(2) Assume (for simplicity) that L — Ljr. When l is a longitude of Lj, 1* inherits a natural framing 
in W(l). Hence we get a triple (W(l), L^, p). It follows from the very defmition of the QHFT tensors 
that 7ín{W, Ljr, p, 0, 0) = TLn{W(1), Lf, p, O, 0) and the same with Ti N (when defined) replacing TLn- 

(3) We have seen that both TLn and Ti e N partitions functions display interesting features of QHG. A 
main advantage of the TLn ones is the possibility to set in a same "holomorphic family" the QHG 
tensors associated to characters that are both trivial and non trivial at link meridians. Consider 
for example a hyperbolic knot L in S 3 , endowed with the canonical framing T . Kashaev's volume 
conjecture concerns the asymptotic behaviour of Hn(S 3 , L, ptriv) when N — > +00. A reasonable 
variant of it is in terms of the partition functions TLn(S 3 , Ljr, ptriv, 0, 0) =n Hn(S 3 , A, puív)- A 
family as above could be useful in order to establish connections with the TLn partition functions of 
(S 3 , Lp, phyp), where phyp is the hyperbolic holonomy of the cusped manifold M — S 3 \ L. 

The rest of the section is devoted to the proof of these results. This goes in sever al steps. 
A main tool is the simplicial blowing up/down proceduře considered by Neumann in [25] , section 11. 
We use it just to get a simplicial version of (topological) Dehn filling. Let Z be a pseudo manifold 
without boundary such that every non-manifold point has toric link. Let v be a non-manifold point. 
Consider a closed cone neighborhood N(v) of v, and a non separating simple closed curve C on the 
torus dN(v). The topological Dehn filling of Z at v along C is the pseudo manifold Z' obtained by 
gluing a 2-handle to Z \ lnt(N(v)) along C, and then collapsing to one point the resulting boundary 
component. 

Now, let T be a pseudo manifold triangulation of Z. Consider the abstract star Star (v) of v in T. 
The boundary of Star (v) is the abstract link Link(u) which is homeomorphic to dN(v). Assume that 
the curve C is realized as a simplicial curve on Link(w). Then the cone from v over C in Star (v) 
is a triangulated disk D°. The interior of Star (v) embeds onto the interior of the actual star of v 
in T, Star(u), which is made of the union of the 3-simplices having v as a vertex. In this way D° 
maps onto a triangulated singulár disk D in Z, that has embedded interior and singulár boundary 
immersed in the boundary of Star(w). Cut open T along Int(Z?) and glue the double cone CD of D 
(this is a triangulated singulár 3-ball, see Figuře [Li) so that the top and the bottom get identified with 
the two copies of D resulting from slicing. This gives a triangulation T of the pseudo-manifold Z' 
obtained by Dehn filling along C. It has the property that every (abstract) tetrahedron of T persists 
in T' . Referring to the topological description, the interior of the co-core of the 2-handle attached to 
Z \ Int(N(v)) is isotopic to the interior of the union H' of two edges, each joining v to the new vertex 
v 1 at the "center" of CD. In fact H' is the core of the solid torus added by the Dehn filling. 

Remark 6.9. Note that in generál thcre are very few simplicial curves on a given Link(w). Hence 
to get such a simplicial description of an arbitrary Dehn filling, we will usually have to modify a 
given triangulation. For the peculiar QHG pseudo-manifold triangulations considered in this section, 
retriangulating will be possible by using QHG isomorphisms, hence without altering the trace tensors. 
In fact, any two triangulations of dN(v) are connected by a finite sequence of 2-dimensional 1 <-> 1 
"flip" moves (see Figuře [5]) , and 1 <-> 3 moves obtained by replacing a 2-simplex with the cone of its 
boundary to a point. Since N(y) is homeomorphic to Link(w), any such a sequence is the boundary 
trace of a sequence of 2 <-> 3 moves and bubble moves in Star(«). (Note, in particular, that H passes 
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through the new interior vertices). By using the argumcnts of Thcorem 6.8 in [5], we will always be 
able to choose that sequence so that it lifts to a sequence of QHG transits. 




Figuře 14. An instance of double cone on a disc. 

Let us considcr now a distinguished triangulation (T,H) of (Z, a) as above, and let Z' , triangulated 
by T', be the result of a simplicial Dehn filling of Z along a curve C. Denote H" the graph union of 
the knot H' (the core of the solid torus) and the image of H in T' . We define the notion of globál 
charge on (T f , H") by formally replacing H by H" in (jT9j). 

Lemma 6.10. Let c be a globál charge on (T,H) such that the charge weight of the curve C is 0. 
Then c extends to a globál charge c on (T ,H). 

Proof. The complex CD is made of pairs of adjacent 3-simplices, respectively above and below the 
disk D. For a 3-simplex of the top layer with charges Co and ci at the edges in D (ordered by using 
an orientation of D, say), we will put the charges — co and 2 — c\ at these edges for the symmetric 
3-simplex in the bottom layer. Then the other charges are C2 = 1 — cq — c\ and — c 2 , respectively. We 
have the charge sum Ct'{c) = 2 at each interior edge of D, and Cr'(e) — Cr(e) at the edges e of dD. 
For the top edges e' of CD we can also choose the charges so that Cr'(e') equals CV(e), where e is 
the copy of e' in D C M. Indeed, there are n degrees of freedom in doing this, where n is the number 
of 1-simplices in the curve C used for blowing down. Then we check that Ct'{c ) = 2 at the bottom 
edges. In particular, the subcomplex H survives in T . 

Note that Ct'(co) — — Cr<(ei) at the edges eo and ei of H' . We have to check that Ct'(co) = 0, 
so that (fl~3|) is satisfied on (T 1 ,H" \l). In fact, Cr'(eo) is n minus the sum of the 2n charges at 
the bottom edges of CD, which is also the sum of charges in T' \ CD at these edges, minus n. We 
can form n pairs of such charges corresponding to the 3-simplices of the ideál triangulation T of M 
having a 2-simplex in D. Replacing for each of them the pair with 1 minus the last charge, we get 
that Ct'(cq) is equal to 7(0), with 7 defined in section [2] and a is a normál path in Link(w) that runs 
parallel to C on one side (see Figuře fT5|). Because the weight of C is zero, we deduce Cy(eo) = 0. 
If H 7^ 0, we have to show that it can be deleted from H". As the two components l and H \ l are 
isotopic and satisfy Ct> (0 = 4 and Ct> (e) = for each edge e € H\l, we can retriangulate the surgered 
pseudo-manifold Z' so as to delete them, by using a sequence of charge transits starting from (T 1 , H") 
and terminating with a negative bubble move (see [4], Proposition 4.27 and [5], proof of Theorem 
6.8). Retriangulating Z' backward, we eventually find a sequence of charge transits terminating at 
(T',H',c'). The result follows . □ 

Proof of Theorem \6.3\ . To simplify assume that M has only one cusp. Take T" = (T, H, 6, w , /", c). 
For the hrst claim we assume that the meridian m of L is a simplicial path in Link(w), where the 
vertex v of T corresponds to the filled cusp. This is possible due to Remark 16.91 
Lemma [6.101 implies that c' extends to (T',H') after the Dehn filling along to. Extend the branching 
b by letting the new vertex v' be a pit of the double cone CD we splice in T. By using Lemma 16.21 
arguments similar to that of Lemma 16.101 show that we can give the same log-branches on the 3- 
simplices of CD, in a pair above and below the disk D (see [3S], p. 454). Hence we get a distinguished 
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Figuře 15. A normál path a in Link(w) running parallel to a blowing-up curve C . 
Four 3-simplices of T \ CD glued to three 2-simpliccs of D are shown in the picture. 

fiat/charged Z-triangulation for (W,L,p). The weig ht h e H 1 (W;Z/2Z) is clearly because of the 
epimorphism H\(M;Z/2Z) — > H\(W; Z/2Z) induced by inclusion. As in the first claim of Lemma 
15.101 (2) we see that the (unnormalized) trace tensor for CD is N times the identity map from the 
linear space attached to the top copy of D to that for the bottom one. Combining this with the 
normalization of trace tensors in ([11]) gives Hn(W, L, p) = 7ijv(T"). 

By Lemma [6.21 we know that 7(/") — l{ť) <= H 1 (dM; 1-k\J — 1) is non zero only at the class of to, 
where it is —2\J—\-k. Hence the collection of values of /" — /' determines a path l normál to the 
cusp triangulation induced by T, that intersects m once and whose homology class is Poincaré duál 
to (7(f) - j(f'))/2V^Í7r. Denote 

A(Zj) = (A\...,Al A ^)l) 

the sequence of fiat /charged X-tetrahedra (possibly with repetitions) determined by the 2-simpliccs 
met by l. Each time l goes through a 2-simplex it selects one of its vertices, whence a cross-ratio 
modulus, say 2,, of the tetrahcdron A 1 corresponding to the 2-simplcx. The values of /" on A 1 are 
obtained from those of /' by adding or substracting 1 at the edges corresponding to the other two 
vertices, as indicated in Fig. [T5] For any fixed tetrahedron A of T all three flattenings may be 
eventually altered, and/or differ from those of / by adding or substrating n, £ Z with 7^—1 or 1, 
exactly when A = A 1 = A-' for some i ^ j. Now, recall from (fTTj) that 

H N {M,a) = H N {r) = J2 II K N (A,b,w,f,c) s . 

s AcT 

Put ( — exp(27r\/— 1/N). For any x G C\{C J , j = 1, . . . , N— 1} the function g defined in the Appendix 
satisfies ([5], Lemma 8.2): 

Using this formula, it is easily checked that given a flat/charged I-tetrahedron (A, b, w', f, c) with 
/' = (/q, /{, f' 2 ) and positive branching orientation, if /" = (/q + n, f[, f' 2 — n) we have 

- ( 1 \ ~ 1 

(22) ^(A, 6, w', f", c) s = TZ N (A, b, w', /', c). \{ _,l_ k+j 

3=1 

up to multiplication by iVth roots of unity, where i and k are as in ^ . For each 2-simplex met by l 
we can apply (|22[) to the corresponding tetrahedron, or the similar formula (deduced from Corollary 
5.6 of [5]) for any other branching. This defines the function Ajv(T"), so that we get 

n N {T") = II n N (A,b,w',f",c) a 

s ACT 

= E II K N (A,b,w'J',c) s A N (T"). 

s AcT 

The conclusion follows from the equality íř/v(W, L, p) = 7ťjv(T"). □ 
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Figuře 16. Flat/charge corrections for a Dehn filling. 



Proof of Theorem \ 6. 61 Again for simplicity, assume that L is a knot (one component). We apply 
the very same arguments as for tlie first claim of Theorem 16.31 In particular, Lemma 16.101 applics 
verbatim. Since p(l) is trivial, for an arbitrary flattening the weight along l (computed in the flattened 
X-cusps) lies in Z71V — 1. Hence we can again use Theorem 12.121 to deduce the existence of flattenings 
with zero weight along l. Then we give the same log-branches on the 3-simplices of the singulár 3-ball 
CD, in a pair above and below the disk D (see [25], p. 454). Note that if we use T> triangulations 
lcading to Hn partition functions, then both parallel components L,L' that make A survive in the 
Hamiltonian subcomplex. If we can deal with Tť^-ones, only the framing longitude L' survives. Hence 
we eventually get a distinguishcd flat/charged X-triangulation for (W(l), 1* U A, p), or (W(l), l* U A', p) 
respectively. □ 

6.3. Manifolds that fiber over S 1 - Examples. Lemma[5T0](3) gives a practical recipe to computc 
the QHFT partition functions of mapping tori. A specific class of distinguishcd flat/charged I- 
triangulations of (Wim, L<m, p) is obtained by composing one for the trivial mapping cylinder F x 
[—1, 1], say T tr i v , with the monodromy action on the e-triangulation (T, b) of F x {1}, and then gluing 
the two boundary components. The monodromy action can always be decomposed as a sequence of 
fiip moves: a single flip on the idcal triangulation T' associated to T defines a flip on (T, b) if it is 
not adjacent to a marked corner, and it lifts to sequences as in Figuře [17] otherwise. We view these 
sequences as the result of gluing tetrahedra. Hence the monodromy action determines a branched 
triangulated pseudo-manifold T s . This can be complctcd with globál charges, and, as for any p we are 
free to choose the cocycle in % r i v , we can also complete T s to a flattened X-triangulation. Equivalently 
we can define a sequence 

(23) s : (T, ř>, £)—>... —> if>(T, b, C) 

of e-triangulations with (+)-Log-X-parameters compatible with p. Note that the edges of the as- 
sociated pattern T s of flat/charged I-tetrahedra are disjoint from the Hamiltonian link H. Since 
T-Ln (^triv) =n id, we deduce that Hn{W^],L^, p) = N H N {%)- 



Figuře 17. Lifts to e-triangulations (economic ones - see Remark 13.121 - at the first 
row) of flip moves on the corresponding ideál triangulations near marked corners. 
The tetrahedron associated to the first flip (first and third ones for the second row) 
degenerates for a sequence s with (— )-Log-Z-parameters. 

Using a similar construction we now prove the relationship with the quantum hyperbolic invariants 
Hpj of fibered cusped manifolds [51. Recall that W \ L is homeomorphic to Int(WU]). Denote by l 
the number of components of L. 
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Proposition 6.11. If Int(W^) supports a (necessarily unique) complete hyperbolic structure with 
holonomy p c , then Hn(Wím , Lim, p c , 0, 0) =n N 21 Hn{W\L). 

Proof. Let S \ V be the fiber of W \ L — > S , equipped with an ideál triangulation T' . First we show 
the existence of sequences s : T — > . . . — * ip(T') of fiip moves decomposing the monodromy action, 
such that the associated pseudo-manifolds T' s are topological ideál triangulations of W \ L, which 
moreover have maximal volume. 

The hrst condition follows from the fact that the monodromy is homotopically aperiodic (ie. pseudo- 
Anosov), so that T' s is genuinely three-dimensional. When S \ V is a once-punctured torus, the 
second condition is a consequence of a result of Lackenby [23) . showing that the monodromy ideál 
triangulation of Floyd and Hatcher [T7] is isotopic to the canonical Epstein-Penner cellulation. More 
in generál, since no edge of T' s is homotopically trivial, the results of [15 imply that we can straightcn 
the tetrahedra to oriented geodesic ones, possibly with overlappings, so that the algebraic sum of 
volumes is VolíW \ L). This is known to be maximal [16] . 

As in Section T6.2I we can complete T' s to a flat/charged X-triangulation T . Hence the invariants 
Hn(W \ L) can be computed as trace tensors TínÍT')- We note that in the case when there are 
several fibrations of W \ L, or T' s is not canonical, the invariance follows from Theorem 6.8 (2) in [5], 
which shows that any two flat/charged I-triangulations of W \ L with maximal volume are QHG- 
isomorphic. 

Let us denote T s the result of cutting T along the fiber. The two boundary copies are marked 
pleated hyperbolic surfaces (T', b' , C) — >• S\V and (T' , b' , C) — * 4>{S\ V), with shear-bend coordinatcs 
(ie. (— )-Log-X-parameters) L that determine completely the log-branches of T' s . Recall from Section 
15.51 the families of fiat /charged J-triangulations T t and T , and let C £ T, C t £ T t have boundary 
structures (T,b,£), associated to (T',6',£), and (T, b, £ t ), respectively, at F x {1}. We have: 

H N (T) = Tt(H n (T:)) 

= N- 21 Tr(7ťjv(T;)®id® 2i ) 

= N- 21 Tr \n N {C) o (H n (T;) ® id 82 ') o HnÍ^C))- 1 ) 

= N- 21 lim Tr (n N (C t ) o (H N (tf tt ) ® id 82 ') o ^(V^))" 1 ) 

= N- 21 lim Tr(H N (C t * T st * (-^(C t )))). 

í — ^id 

Here we use the invertibility of Ti N (C) (Proposition 15.1 2p and the equality Hn(C) —n TLn{iI){C)). 
We definc T' st as the continuous deformation of T' s obtained from the sequence 

H '■ (T, b, L t ) —>...—> ip(T, b, L t ) 

similarly as in (I23|) (see also Figuře [T7|). In the last equality, Ct * T,' t * (—ip(Ct)) is for any fixed t a 
distinguished flat/charged I-triangulation of the mapping cylinder of ip. Hence Ti.N(Ct*T^ t *(— ip(Ct))) 
does not depend on t up to conjugacy, and we conclude with Lemma 15.101 (3). □ 

By following the above computation backwards, we see more in generál that for any PSL(2, C)- 
character p that can be realized by (— )-Log-Z-parameters on some ideál triangulation of the fiber 
S \ V, we have 

(24) H N (W w ,L w ,p, h, k) - N 21 Tv(H N (T^)) 

where T s is a pattern of flat/charged X-tetrahedra associated to a sequence similar to (f2"3"]l . but with 
e-triangulations equipped with (— )-Log-I-parameters compatible with p. 

Remark 6.12. The formula Hn(W \ L) = Tr(7ÍAr(7^')) expresses the quantum hyperbolic invariants 
of fibered cusped manifolds as amplitudes between two markings of the fiber, identified with a pleated 
hyperbolic surface. For a similar construction based on representations of quantum Teichmuller spaces, 
see [9]. 

Example: the figure-eight knot complement Here we compute the QHFT partition functions 
of (S 3 ,Kq), where Kq is the 0-framed figure-eight knot in S 3 . Recall that S 3 \ K is fibered ovcr 
S , with fiber the once-punctured torus the 0-framing of K is induced by the fibration. For 
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simplicity, below we consider only characters p of injective representations tti(S 3 \ K) — > PSL(2, C). 
The restriction to Si^ of such representations can be realized by (— )-Log-I-parameters on any ideál 
triangulation of £1,1, so that, by (|24[) , we can determine the corresponding subspacc (still denoted 
Def(S 3 ,K)) of the phase space of Dcfinition 15.81 by using the monodromy ideál triangulation. 
The monodromy $ : Si i — > Si i oí S 3 \ K is isotopic to the hyperbolic element 

' (; 0(5 ™>- 

This description of [$] G Mod(Ei ! i) can be understood in terms of the Diagram of PSL(2, Z) (see eg. 
[17| ) via the action of $ on topological ideál triangulations of which can be represented by two 
Alp moves. See Figuře \18\ where the left picture is a lift to M 2 \ Z 2 of such a triangulation. 




Figuře 18. The composition of flip transformations for the monodromy of S 3 \ K. 

The monodromy ideál triangulation T of S 3 \ K is obtained by realizing each flip move via the gluing of 
an ideál tetrahedron, first on a fixed triangulation of £1,1, thcn on the resulting one. The rcmaining 
four free faces are identified under <£>. It is not difhcult to see that T is isotopic to the canonical 
geodesic ideál triangulation of S 3 \ K with its complete hyperbolic structure. The gluing pattern of 
the tetrahedra in T is shown in Figuře 1191 





3 \ 


/ B 


D \ 


^ v 







a \ 


/ A 


B \ 







Figuře 19. The face and edge identifications for the canonical geodesic ideál trian- 
gulation of S 3 \ K. 

It is well-known (see that the deformation space of smooth (non necessarily complete) hyperbolic 



structures on S \ K is isomorphic to the algebraic set Defi iyp (S \ K) C 



of points (w2, zq) 



such that 



w 2 € H 2 \ 



1 * , 

2 + 2*^ 



'15 



zo = 



2 ' V4 w 2 {w 2 -l), 

where w 2 is the cross-ratio modulus of the edge e 2 in the tetrahedron A + with positive branching 
orientation (back edge in the left tetrahedron of Figuře Í19|) . and similarly for zq in A~. The space 
Defh yp (S 3 \ K) is a subspace of 

(25) C = {(w 2 ,z ) e (C\{0,1}) 2 | Wl w\z^z^ = 1}, 

which is isomorphic to the whole set of solutions of the edge compatibility relations for cross-ratio 
moduli (see Defmition l2.6p . By an easy computation we find that the edge compatibility relations for 
log-branches and charges are: 

fy + 2/ " + 2f+ + f+ = (arg( Wl ) + 2 arg(«; 2 ) - arg(zi) - 2 arg(z )) - 2*+ 



(26) (S) 



2c n - + 2cX 



= 
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where *+ is the sign of the imaginary part of the Wi, and the flattenings /■ and f7~ correspond to 
the cross-ratio moduli Wi and z\ of A + and A~, respectively. Hence, by ^ we see that the QHFT 
phase space Def(S 3 , K) is the covering of C given by 

Def(S 3 ,K) = {((w 2 ;f+-4j+~c+),(z ;U+c-J-+c-)) e ČxČ | (w 2 ,z ) e C, (S) is satisfied }. 

Let us point out some geometrically meaningful subspaces (compare with [25], Section 15). The 
dilation factors of the standard meridian m and longitude l of K are 

fi(m) = Ziiv^ 1 , fi(l) = z 2 z 2 2 . 

The complete hyperbolic structure of S 3 \ K is obtained by solving /i(m) = 1 and fj,(l) — 1 for points 
of Defh yp (S 3 \ K), which gives Zj — (wj)* — exp(i7r/3). We already noticed that the weights k for 
this solution take values in 2Z (see [25] , Proposition 5.2). Corresponding flattenings satisfy 

(27) / 2 - - /+ = fc(m), 2/ - - 2/ 2 " = k(l) 
and (|2l))) simplifies to 

(28) /f + 2/ " + 2f+ + f+ = 0. 
Together with (|27|) this gives 

,+ _ k(l) ní+ \ fo =k{m)-ti 



< 2í,i ,'7 = — -i-2/;r. < , W) 



2 * - JU ' 1 /-= 2 fe(m)--^ + l + 2/+ 



Similarly, integrál charges are obtained by letting a[ = —f^ on A + and c[ = on A~. It can 

be checked that h = 0. Of course, (f29|) is still true for points of Def(S ,K) sufhcicntly near the 
complete solution, if now fc(m) and k(l) are replaced with k(m) = k(m) — \og(fi(m)) / V—ín and 
k(l) = k(l) — log(/i(/))/V— Lr. Hence, in the vicinity of the complete structure we have the strata 

{((«*,; 2/+ - fc(Z), 2/+), (z ; 2fe(m) - 2/ +, 2(2fc(rn) + 1 + 2f+) - k(l)), f+ e Z}, 

parametrized by the lifts k(m) and k(l) of /x(m) and fJ,(l). 

For points of C corresponding to hyperbolic structures whose metric completion is obtained from S 3 \K 
by (p, q) Dehn filling, we have pp{m) + qp(l) = 2wy/—l. Hence the flattenings / = /" of Lemma [672" 
are to satisfy 

P(Í2 -/ 2 + )+ Q(Vo -2/ 2 ") = -2 
Let us fix r, s € Z such that ps — qr = 1. Solving simultaneously (|28[) and the last equation gives 



(30) /+ = r - 1 - 2/ ( 



o ' 



/ - = -2 S - f+ 

fi = -r + 4s + 1 + 2/+ 



The parity condition /g + + / + e 2Z (for the class h to be 0) is automatically satisfied. 
Now we can compute the QHFT invariants of (S 3 , Kq) as functions on Def(S 3 , K). Given a ./V-state 
s of T, put a = s(2), /3 = s(0), 7 = s(3) and 5 = s(l), where i denotes the face of A + opposite to the 
zth vertex. By |2"1|) we have: 

JV-l 

N- 2 H N (S 3 : K 0lP )= J2 K N (A+,b+,w,f+,c+y^ n N (A-,b-,z,f-,c-) s ^ a 

0,(3,7,(5=0 

N ~ 1 1 i\ 

= £ (w^wf)^ ffil C 7/3 + (m + D-y 2 wK ,<i| a _ 7) i( a + 0-í) 

ct,/3,7,<5=0 ™ ' 

9[Z 0> Q ,/3=0 
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By the proof of Proposition 8.6 in [5] we have 

WoHO _ g((*ó)TďK) 

.9(4) l5(l)l 2 

and 

u(4/C, z' x ~ l \N - a)- 1 = u((z' )% (z^ria)* 
where z* is the complex conjugate of z. Thus, setting 

N-l N-l i-l 

sHM) - E ^HX"^ = i+ E^Il t^ttu 

0=0 0=1 k=l °^ 

we get 

Hn(S,K ,p)=N (w 1 w 1 °z 1 z 1 °) ^ __ S\w ,w x ) S((z ) , (zj ) . 

Using (|29p with fc(m) — k(l) = Íq = and the globál charge with Cq" = Cp = 0, we see that for the 
complete hyperbolic structure p comp on S* 3 \ K we have 

Zq = (w' )* = exp(Í7r/3iV), = (w[)* — exp(— 5iir/3N). 

Hence 

n-/ (Q3 ts „ \_ at2 lg( et7r ^ 3jV )| 2 i Q( in/3N -5iir/3N\\2 

I-Ln{í> , -K , Pcompj — — : — 5(e ' , e ' j . 

Let us finally consider hyperbolic (p, q) Dehn filling of S 3 \K. Denote S 3 (K( pq )) the surgered manifold, 
L the core of the surgery, and P(p, g ) its hyperbolic holonomy. Because of (f3"0]) the difference /" — / 
is given on the edges eo, ei and e2 of A + (resp. A - ) by 0, r and — r (resp. — 2s, 4s and 0). Put 
N = 2m + 1 . From Thcorem 16.31 we deduce 



U (q3(ts \ T \ AT%Í '~ c t /c (í '~ C I ,c 0\ lí ^ 1 9(( Z 'o)*)*9(w' Q ) 

11n(S ó (K m ) > L ) p m ) = N (w "-w^Zq 1 z 1 ° ) s » 

N ~ 1 N — 2s , /-l> v _ 4m ( m+ i) 

J2 í^^K 1 < 1 |Jv-^((4r 1 (,;- 1 )»Y (íí -«'"" +1 ' n i fM VJ+a ■ 

Remark 6.13. Recall the space C in (f2"5)) . As already mentionned after Dcfinition 12.61 we have 
a holonomy map hol : C — > X to the character variety X = X(7Ti(S 3 \ íf)). (See [55] or [TS] for 
a complete deseription of the latter). The map hol is generically 2:1, and is onto the geometrie 
component of X [T^] . We can express the above partition functions in terms of standard generators 
of X by the following observation. Considering S 3 \ K as the mapping torus of the monodromy 
the edges eo, &i of A + are identified with a longitude l and meridian m of the punctured torus 
and in A~ we have (e' is opposite to e ): 

e = $(í.m), ei = $(/), e = $(m). 

As above, assume that p has non trivial holonomy at m, l and Z.m. Take a flat/chargedl-triangulation 
of [S ,Kq,p) as in Section |6~31 with PSL(2, C)-valued cocycle z. Denote zi the value at l, and so 
on. Note that z^i m ) = Az m A~ x , where A = z(S 1 ), the cocycle value on the standard meridian of the 
knot K. Then the cross ratio moduli of A + and A~ are given by 

w = [0 : zi(0) : z ; z m (0) : z*(m)(0)], z = [0 : z*(í)2*(m)(0) : z*(!)ž$(m)^(i) (0) : z m zz(0)]. 

(We use the branching to remove the twofold ambiguity of hol, as it allows to specify an equivariant 
association of a fixed point for each peripheral subgroup of p(iri(S 3 \ K)).) 

Remark 6.14. Formulas for Cheeger-Chern-Simons invariants Tíi(S 3 , Kq>, p) of arbitrary PSL(2, C)- 
characters oí S 3 \K come exactly in the same way (See Remark ll.il and Rcmark l5.5[) . In the peculiar 
situation of the complete hyperbolic structure and its hyperbolic Dehn fillings, they coincide with 
those of [25], Section 15. 
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